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Abstract

The transmission/reflection and short-circuit line methods for measuring complex permit-
tivity and permeability of materials in waveguides and coaxial lines are examined. Equa-
tions for complex permittivity and permeability are developed from first principles. In
addition, new formulations for the determination of complex permittivity and permeabil-
ity independent of reference plane position are derived. For the one-sample transmis-
sion/reflection method and two-position short-circuit line measurements, the solutions are
unstable at frequencies corresponding to integral multiples of one-half wavelength in the
sample. For two-sample methods the solutions are unstable for frequencies where both
samples resonate simultaneously. Criteria are given for sample lengths to maintain stabil-
ity. An optimized solution is also presented for the scattering parameters. This solution
is stable over all frequencies and is capable of reducing scattering parameter data on ma-
terials with higher dielectric constant. An uncertainty analysis for the various techniques
is developed and the results are compared. The errors incurred due to the uncertainty in
scattering parameters, length measurement, and reference plane position are used as inputs
to the uncertainty models.

Key words: Calibration; coaxial line; dielectric constant; loss factor; magnetic materials;
microwave measurements; permeameter; permeability measurement; permittivity measure-
ment; reflection method; short-circuit; transmission; uncertainty; waveguide.




Chapter 1
Introduction

The goal of this report is to review and critically evaluate various transmission line measure-
ment algorithms for combined permeability and permittivity determination and to present
results and uncertainty analysis for the techniques.

There is continual demand to measure accurately the magnetic and dielectric properties
of solid materials. Over the years there has been an abundance of methods developed for
measuring permeability and permittivity. Almost all possible perturbations or variations
of existing methods have been proposed for measurements. These techniques include free-
space methods, open-ended coaxial probe techniques, cavity resonators, full-body resonance
techniques, and transmission-line techniques. Fach method has its range of applicability
and its own inherent limitations. For example, techniques based on cavities are accurate,
but not broadband. Nondestructive techniques, although not most accurate, allow the
maintenance of material integrity. Transmission line techniques are the simplest of the
relatively accurate ways of measuring permeability and permittivity of materials. Trans-
mission line measurements usually are made in waveguide or coaxial lines. Measurements
are made in other types of transmission lines for special applications, but for precise mea-
surements, rectangular waveguides and coaxial lines are usually used. The three major
problems encountered in transmission line measurements are air gaps, half-wavelength res-
onances, and overmoding. :

Coaxial lines are broadband in the TEM mode and therefore are attractive for permit-
tivity and permeability measurements. The problem with coaxial lines, however, is that
due to the discontinuity of the radial electric field, any air gap around the center conductor
degrades the measurement by introducing a large measurement uncertainty. Belhadj-Tahar
et al. [1] have attempted to circumvent these difficulties with the development of a tech-
nique for a plug of material at the end of a coaxial line. In Belhadj-Tahar’s approach there
is no center conductor hole. However, higher modes are excited at the transition between

the plug and the center conductor which complicates the analysis. Due to the complexity
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of the method it is not apparent at this time whether this approach will replace the more
traditional single-mode models.
Transmission line techniques generally fall into the following categories:

¢ Off-resonance waveguide and coaxial line, full scattering parameter, 2-port measure-
ments.

e Off-resonance short-circuit line, 1-port measurements.
e Open-circuit techniques.

¢ Resonant transmission-line techniques.

The topic of this report will be the first two categories. We will also examine direct in-
ductance measurement, which uses permeameter techniques. The off-resonance techniques
can be broadly grouped into two categories:

e Point-by-point or uncorrelated-point techniques.
e Multi-point or correlated-point techniques.

The point-by-point technique is at present the most widely used reduction technique and
consists of solving the relevant scattering equations at single points. Multi-point techniques
consist of solving the nonlinear scattering equations using nonlinear least square algorithms.

Due to their relative simplicity, the off-resonance waveguide and coaxial line transmis-
sion/reflection (TR) and short-circuit line (SCL) methods are presently widely used broad-
band measurement techniques. In these methods a precisely machined sample is placed in
a section of waveguide or coaxial line and the scattering parameters are measured, prefer-
ably by an automatic network analyzer (ANA). The relevant scattering equations relate
the measured scattering parameters to the perniittivity and permeability of the material,
One limitation of these techniques is that they require cutting of the sample and therefore
these techniques do not fall under the general category of nondestructive testing methods.
Another limitation is that these techniques require a small sample and therefore the res-
onance characteristics of large sheets of the material are not studied. Network analyzers
have improved over the last years to a point where broad frequency coverage and accurate
measurement of scattering parameters are possible. This broadband capability unearths
another limitation of present algorithms, that is, the instability of the measurement in the
vicinity of resonant frequencies.

In this report we assume that the materials under test are isotropic, homogeneous, and
in a demagnetized state. The solutions obtained in this report are both single-frequency
techniques and multiple frequency techniques. For the TR measurement, the system of
equations contains as variables the complex permittivity and permeability, the two reference
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plane positions, and, in some applications, the sample length. In the T/R procedure we
have more data at our disposal than in SCL measurements, since we have all four of
the scattering parameters. In SCL measurements the variables are complex permittivity
and permeability, sample length, distance from sample to short-circuit termination, and
reference plane positions. However, in most problems we know the sample length, reference
plane position, and distanee from the reflector to the sample. In these cases we have four
unknown quantities (complex permittivity and permeability) and therefore require four
independent real equations to solve for these variables. These equations can be generated by
taking reflection coefficient data at two positions in the transmission line, thus yielding the
equivalent of four real equations for the four unknown quantities. A problem encountered
in measurements is the transformation of S-parameter measurements at the calibration
reference planes to the air-sample interface. This transformation requires knowledge of the
position of the sample in the sample holder. Information on reference plane position is
limited in many applications. The port extension and gating features of network analyzers
are of some help in determining reference plane position, but do not completely solve the
problem. Equations that are independent of reference plane position are desirable.

Most, of the present transmission-line techniques [2,3,4], with some variations, are based
on the procedure developed by Nicolson and Ross [5] and Weir [6] for obtaining 2-port,
off-resonance, broadband measurements of permeability and permittivity. In the Nicolson-
Ross-Weir (NRW) procedure the equations for the scattering parameters are combined in
such a fashion that the system of equations can be decoupled. This procedure yields an
explicit expression for the permittivity and permeability as a function of the S-parameters.
These equations are not well-behaved for low-loss materials at frequencies corresponding
to integral multiples of one-half wavelength in the sample. In fact, the NRW equations are
divergent, due to large phase uncertainties for very low-loss materials at integral multiples
of one-half wavelength in the material. Many researchers avoid this problem by mea-
suring samples which are less than one-half wavelength long at the highest measurement
frequency. The advantage of the NRW approach is that it yields both permittivity and per-
meability over a large frequency band. As a special case of the NRW equations, Stuchly and
Matuszewski [7] found solutions to the scattering equations for nonmagnetic materials and
derived two explicit equations for the permittivity. Delecki and Stuchly [8] have studied the
uncertainty analysis for infinitely long samples using the bilinear and Schwarz-Christoffel
transformations. Franceschetti [9] was one of the first to perform a detailed uncertainty
analysis for TR measurements. Ligthart {10] developed an analytical method for permittiv-
ity measurements at microwave frequencies using an averaging procedure. In Ligthardt’s
study, a single-moded cylindrical waveguide was filled with a homogeneous dielectric with
a moving short-circuit termination positioned beyond the sample. This study focused pri-
marily on single-frequency measurements rather than on broadband measurements.

The short-circuit line (SCL) method was introduced by Roberts and von Hippel [11]
over fifty years ago as an accurate broadband measurement procedure. The SCL measure-
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ment method uses data obtained from a short-circuit 1-port measurement to calculate the
dielectric and magnetic properties. SCL is useful when 2-port measurements are not possi-
ble, for example, in high temperature measurements [12] and remote sensing applications.
When an ANA is used, the sample is positioned in either a waveguide or coaxial line and the
reflection coeflicient is measured. The determination of the permittivity and permeability
usually proceeds by solving a transcendental equation that involves the sample length, sam-
ple position, and reflection coefficient. With modern computer systems, iterative solutions
of the resulting transcendental equations are easy to implement. However, they require an
initial guess. The resultant nonlinear equations have an infinite number of solutions due
to periodic functions. The physical solution can be determined by group delay arguments
or by measuring two samples with differing lengths. Much of the theory developed for the
SCL technique was developed for use with a slotted line. Present-day network analyzers
usually measure scattering parameters. Therefore in this report we derive equations from
a scattering approach.

The SCL method has endured over the years, and as a result there is an extensive
literature. In this report we attempt to review only the most relevant work on the subject.
Short-circuit line methods can be broadly separated into two- position techniques and two-
sample techniques. In the two-position technique 1-port scattering parameters are measured
for a sample in two different positions in the sample holder. In the two-sample technique two
samples of different lengths are machined from the same material and scattering parameters
are measured with each sample pressed against the short-circuit termination. Szendrenyi
[13] developed an algorithm for the case in which the length of one sample is precisely twice
the length of the other sample. In this special case, they found an explicit solution.

Mattar and Brodwin [14] have described a variable reactance termination technique for
permittivity determination. Maze [15] has presented an optimized-solution technique where
at each frequency scattering parameters are taken for various short-circuit termination
positions. Dakin and Work [16] developed a procedure for low-loss materials and Bowie
and Kelleher [17] presented a rapid graphical technique for solving the scattering equations.
Other authors have presented methods using measurements on two or more sample lengths
[18]. Most of the literature to date has focused on permittivity determination. In the
few works that have addressed the combined permeability and permittivity problem, many
details have been left unresolved.

Recently Chao [19] presented SCL measurements results with a slotted line and also
an uncertainty analysis for single frequency measurements. Chao found that accuracy was
reduced when the reflection coefficient is dominated by the front face contribution.

The SCL measurement may use either a fixed or movable short-circuit device. The
advantage of a moving short-circuit termination [2] is the possibility for making many sep-
arate measurements at a given frequency with the sample placed in either a high electric
or magnetic field region [15]. Generally, a maximum in electric field strength is advan-
tageous for permittivity measurements, whereas a maximum in magnetic field strength is
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advantageous for permeability measurements.

When only permittivity 1s required, a single measurement at a given frequency suffices,
whereas when both permeability and permittivity are to be determined, it is necessary to
carry out two independent measurements at each frequency. There are various contribu-
tions to the uncertainties in the SCL method. These uncertainties include network analyzer
uncertainties, sample gaps, wall and reflection losses, and measurement of sample dimen-
sions. There are also uncertainties ‘n the location of the sample reference planes and in
the distance from sample to the short-circuit termination. The uncertainty in the network
aralyzer parameters are sometimes documented by the manufacturer (3]

In this report we develop relevant equations from first principles. These equations apply

to ANA systems. We will examine the various approaches for combined determination of
* permeability and permittivity, and study the uncertainty in {he measurement process. The
special case of repeated measurements on a sample of fixed length is treated in detail.




Chapter 2

Theory for Coaxial Line and
Rectangular Waveguide
Measurements of Permittivity and

Permeability

2.1 Theory

The goal of this chapter is to present various approaches for obtaining both the perme-
ability and permittivity from transmission line scattering data. In the TR measurement,
a sample is inserted into either a waveguide or a coaxial line, and the sample is subjected
to an incident electromagnetic field [see figure 2.1]. The scattering equations are found
from an analysis of the electric field at the sample interfaces. In order to determine the
material properties from scattering data, it is necessary to understand the structure of the
electromagnetic field in waveguides. In developing the scattering equations usually only
the fundamental waveguide mode is assumed to exist. In this report we develop the theory
for multimode solutions. However, the numerical algorithms presented will be valid only
for the fundamental mode. ‘

2.1.1 Decomposition into TE, TM, and TEM Modes

In this section we briefly review the theory of modes in transmission lines. It is possible to
decompose the fields in a waveguide at a given frequency into the complete set of TE, TM,
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O— Outer Conductor 0

I I I
Port 1 Ly L L. Port 2
Air Sample Air

O— Outer Conductor 0

Figure 2.1: A dielectric sample in a transmission line and the incident and reflected electric
feld distributions in the regions I, II, and IIL Port 1 and port 2 denote calibration reference
plane positions. ‘

and TEM modes. In our model at hand we assume:

e There is a propagation direction in the guide which we call Z.

o The cross-sectional area of the guide is perpendicular to # and constant throughout
the length of the guide.

Electromagnetic fields in a sourceless region satisfy

VxVxB=—jwVpx H+EE, (2.1)
V xV x | = jwVex E+kH, (2.2)
where k = —j~ is the wave number.

In this report we assume that there are no sources of electric and magnetic fields in the
guide (J = 0) and there no free charge build up (V- D = 0). Further we assume that the
material parameters are not spatially dependent. However, step function discontinuities
are assumed to exist between the sample and air gap. The step function discontinuities in
the equations can contribute a delta function term in derivatives. With these assumptions,
the fields satisfy homogeneous Helmholtz equations,

V2E+ KE=0, (2.3)
v2ﬁ+k2ﬁ=0' (24)

The time-dependent fields can be expanded in terms of modes

£70) = o [ Y Bl ) xp(rnd) expliet) (25)
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_— 1 00 - )
H(F ) = o /_ _dw Y Ho(r,w) exp(y,2) expljoct) (2.6)

where 77 is a transverse vector, F,, H, are the amplitudes of the modes, and

| wiuhen (2#)2
’7n-—J\J 2, . (2.7)

vac

=i () - () 29

where +,,7, are the propagation constants in vacuum and material, respectively. Also
7 = V=1, cyac and ¢y are the speed of light in vacuum and laboratory, w is the angular
frequency, A, is the cutoff wavelength of the nth mode, ¢, and p, are the permittivity and
permeability of vacuum, €}, and p% are the complex permittivity and permeability relative
to a vacuum.

Since these modes satisfy a Sturm-Liouville problem, we know that the totality of these
waves forms a complete set of functions, and therefore an eigenfunction expansion property
exists for this system. The Laplacian separates in the coordinate systems used in this
report, and therefore the fields can be separated into transverse (T) and longitudinal (z)
components:

E=Er+E,?, (2.9)
H=Hr+Hz7. (2.10)

The component E, is the generator of the TM mode (see Appendix) and the H, component
is the generator of the TE mode. Since the TE, TM, and TEM modes form a complete set
of functions, we can expand the transverse Fourier-transformed fields as

ET(Fv w) =

Y AEtrpexp(~1mz) + Ejpg exp(yaz )}ET(TE)(FT)
n=1

+ > A{E prexp(—7.2) + Erm eXP(’YnZ)}ET(TM)(FT)
n=1
N-1

+ > AEtremexp(—mz) + Exppy eXP(7nz)}ET(TEM)(FT) ) (2.11)

n=1

Hr(Fw) =




i 1

n=1 “nTE

e
= Zorm
N-1 [¢ -

+ Z ;{E:TEM exp(—vn2) — EqreM exp(1n2) }(Z X ET(TEM)(FT)) (2.12)

n=1

{E}rg exp(—1n2) — EnrE exp(7n2) HZ X ET(TE))(FT))

{Etr exp(—1n2) — Exrag exp(1n2) }(7 X Eram(Fr))

where N is the number of disjoint conductors and (%) denotes forward and backward
traveling waves. The coefficients E, depend on the transverse components, and the wave
impedances are

Tn

Ztm = Fwe (2.13)

ZTE = (2.14)

n

Although the sums for the TE and the TM waves in eqgs (3.11) and (2.12) approach oo,
in many problems of practical interest, some of the coefficients in the sums vanish. Two
or more modes may have the same eigenvalue; the eigenvectors in these cases are called
degenerate. '

In order to solve eq (2.3) it is expeditious to break up the Laplacian into transverse and
longitudinal components,

L . V2E
V2E = V2E + 57 (2.15)
where -
0*FE -

and the transverse Laplacian satisfies by eq (2.3)
V2E = —(R+7°)E = -KE, (2.17).

where k. is the cutoff wavenumber. If € has a dependence on transverse coordinates in
terms of a step discontinuity, then also has a transverse dependence. In Appendix A, the
details of the derivations of the fields are reviewed.

2.1.2 Imperfect Sample Geometry

In the case of perfect or near perfect samples and sample holders, v is independent of the
transverse coordinates and therefore different eigenfunctions for the transverse components

9




in the air and sample regions possess an orthogonality condition [see Appendix A]. In such
cases it is possible to match mode by mode, and the coefficients are decoupled. However,
when samples and sample holder are not perfectly formed or are slightly inhomogeneous,
both x and € have a weak dependence on the transverse coordinates of the guide and
therefore the different transverse eigenfunctions in the sample are not orthogonal to the
transverse eigenfunctions in the air section. The modes of imperfect samples cannot he
separated and matched mode by mode. The imperfections in the sample generate evanes-
cent waves at the sample-material interface. These modes may propagate in the sample,
but they decay exponentially outside of the sample.

For an imperfect sample, the fields in the regions I, II, and III are found from an
analysis of the electric field at the sample interfaces. We assume that the incident electric
field is the TE)o mode in rectangular waveguide and TEM in coaxial line. As the wave
propagates from the air-filled region into the sample, some of the energy carried in the
wave will convert into higher order modes. However, it is necessary to consider only the
transverse components of the fields when matching boundary conditions. In the following
we assume that gaps or other imperfections can exist in and around the sample. We further
assume that the imperfections are such that the Laplacian can be separated into transverse
and longitudinal components. If the imperfections are azimuthally symmetric, then only
the Hy magnetic field component is assumed to exist. If we assume the vector component
of the normalized electric fields E;, Ey, and, Frptoin the regions I, II) and III, we can
write for N modes

N
By = exp(—7,12) +Suexp(v,12) + ; Ci(%;)gcp(%izl] : (2.18)
incident wave ' evanescent
N .
Err = Y [Di(Zr) exp(—ymiz) + Ei(Zr) exp(vmiz)] , (2.19)
=1
N

Errr = Sy exp(—yo(z ~ L)) + 2 [Fi{Zr) exp(—7oi(z — L))] (2.20)

transmitted wave =2 evanescent

where C;, D, E;, F; are the modal coeflicients, which may depend on the transverse
coordinates. Also 7,;, Vi are the propagation constants of the ith mode in vacuum and
material respectively. We assume that we are operating the waveguide at such a frequency
that only the fundamental mode is a propagating mode in the air section of the guide. The
other modes are evanescent in the air section of the guide, but may be propagating in the
material-filled section. There may be additional modes produced by mode conversion for

'TEM mode in a coaxial line or the TEyo mode in a waveguide (with a time dependence of exp(jwt)
suppressed)
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the other components of the electric field, but these are not necessary for specification of
the boundary conditions.

In general, the amplitudes in egs (2.18) to (2.20) are functions of the transverse coor-
dinates. To find the coefficients, it is necessary to match tangential electric and magnetic
fields at the interfaces and integrate over the cross- sectional area. Since different transverse
eigenfunctions in the air are not orthogonal to transverse eigenfunctions in the sample we
cannot separate a particular mode in the sample and match it to the analogous mode in
the air. The tangential electric field matching yields

N
bk + (1= bia)er = Y _[Akid; + Axjej] (2.21)
- j=1
[dk exp( YmeL) + €x exp '7ka Z Ajkf] , (2.22)

where §;; is the Kronecker delta and c, e, and f are the integrated coefficients, N is the
number of modes, and Ay, is the matrix of the coefficients of the integrated transverse
eigenfunctions. The transverse component of the magnetic field can be obtained from
Maxwell’s equations using eqs (2.21) and (2.22). If we match the tangential magnetic field
components and integrate over the transverse variables we have

[~ 2% 8 + 21 — G )ex] Z (— Ay, d; + Akjej] , (2.23)
o fo P #
IYmk Yoj
[_dkT exp(—rmiL) + —ek exp(Ymil) = ZAkaJ , (2.24)

where L is the sample length and
Lair = L + L] + L2 . (225)

These boundary conditions yield a linear system of equations for the coefficients. Various
cutoff frequencies and operating frequencies are given in tables 2.1 and 2.2.

The difficulties in solving the full mode problem in eqgs (2.21) to (2.24) is that the coef-
ficients of the matrix Ay; are not generally known precisely unless the complete boundary
value problem is solved for each sample. These coefficients are known only for simple,
well-defined geometries and not for samples with unknown air gaps or complicated inho-
mogeneities.

11




Table 2.1: Cutoff frequencies for T Ejp mode in rectangular waveguide.

- e —n om—n oo —— e

EIA WR Band Cutoff frequency(GHz)
650 L 0.908
430 W 1.372
284 S 2.078
187 C 3.152
90 X 6.557
42 K 14.047
22 Q 96.342

Table 2.2: Rectangular waveguide dimensions and operating frequencies in air.

EIA WR Band a(cm) b(cm) TE, Operating frequency(GHz)
650 L 16.510 8.255 1.12 - 1.70
430 w 10.922  5.461 1.70 - 2.60
284 S 7.710  3.403 2.60 - 3.95
187 C 4.754 2.214 3.95 - 5.85
90 X 2.286 1.016 8.20 - 12.40
42 K 1.067 0.432 18.0 - 26.5
22 Q 0.569 0.284 33.0 - 50.0
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2.1.3 Perfect Sample in Waveguide

As a special case of the formalism developed in the previous section we consider a perfect
sample in a perfect waveguide as indicated in figure 2.1. In this case no mode conversion
occurs because the eigenfunctions in the air and sample regions are orthogonal with respect
to cross-sectional coordinates. Therefore the modes may be decoupled and the evanescent
modes are not of concern. This is a special case of egs (2.21) to (2.25). In this case we
nced to be concerned only with the fundamental mode in the guide. The electric fields in
the sample region z € (0, L) for a coaxial line with a matched load and with the radial
dependence written explicitly are

1

E; = ;[exp(—%;) + S11 exp(Y02)] » (2.26)
E; = ;—C-z[exp(—'ylz) + Cyexp(mz)] , (2.27)
Enp = %[521 exp(—7.(z — L))] . (2.28)

When these equations are integrated over the cross-sectional surface area, the radial de-
pendence is the same for each region of the waveguide.

The constants in the field equations are again determined from the boundary conditions.
The boundary condition on the electric field is the continuity of the tangential component
at the interfaces. The tangential component can be calculated from Maxwell’s equations
given an electric field with only a radial component. The higher modes in egs (2.18) to
(2.20) are evanescent in the air-filled section of the guide. TM modes can be treated
similarly. The details of the boundary matching for the T E,o case are described in a
previous report on dielectric materials [26,27]. The boundary condition for the magnetic
field requires the additional assumption that no surface currents are generated. If this -
condition holds, then the tangential component of the magnetic field is continuous across
the interface. The tangential component can be calculated frodd Maxwell’s equations for
an electric field with only a radial component. For a 2-port device the expressions for the
measured scattering parameters are obtained by solving egs (2.18) through (2.20) subject
to the boundary conditions. We assume that Sy = Sz. The explicit expressions for a
sample in a waveguide a distance L, {rom the port-1 reference plane to the sample front
face and L, from the sample back face to the port-2 calibration plane are related. The
S-parameters measured by the device reference planes are related to the S- parameters at
the sample face S’ by [26]

Sl

§=95% , (2.29)

where
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0 exp(j $2)

and ¢; = jyoL; and @2 = jyoLs. The S-parameters are defined in terms of the reflection
coefficient I' and transmission coefficient 2 by:

Sz(exp(ml) 0 ) (2:30)

Su=R: {1;—(1:;—;;}] : (2.31)
Sg2 = R3 [El%:ﬁz;-}] , (2.32)
Sy = RiRy {ZTQ—_P—S}} , (2.33)
where
Ry = exp(—7,L1) , (2.34)
R, = exp(—7,Lz) , (2.35)

are the respective reference plane transformations. Equations (2.31) through (2.33) are
not new and are derived in detail elsewhere [5,28]. We also have an expression for the
transmission coefficient Z:

Z =exp(—L) . (2.36)
We define a reflection coefficient by
B __ e
= 14_/13. . 7 (2.37)
Y Yo

For coaxial line the cutoff frequency approaches 0, (w. — 0) and therefore I' reduces to

L
Snse, [LR _ ]
Clab €r

= —F—. (2.38)
Cuse, [ER 4]
Clab (33

Additionally, S,; for the empty sample holder is

Sgl = R1R2 eXp(—’)'oLa) . . (239)




For nonmagnetic materials,.eqs (2.31), (2.32), (2.33) contain €ry €Ry L, and L,, and
the reference plane transformations R;, R; as unknown quantities. Since the equations for
S12 and Sz, are theoretically equivalent for isotropic non-gyromagnetic materials, we have
four complex equations, egs (2.31), (2.32), (2.33), (2.39), plus the equation for the length
of the air line (2.25), or equivalently, nine real equations for the six unknowns. However,
in many applications we know the sample length to high accuracy. For magnetic materials
we have eight unknowns. However, we have frequency data for each measurement. Since
the lengths are independent of frequency we have an over-determined system of equations.
This abundance of information will be exploited in the next chapter.

2.2 Permeability and Permittivity Calculation

2.2.1 Nicolson-Ross-Weir Solutions (NRW)

Nicolson and Ross [5], and Weir [6] combined the equations for Sy; and S,; and discovered a
formula for the permittivity and permeability. Their procedure works well at off-resonance
where the sample length is not a multiple of one-half wavelength in the material. Near
resonance, however, the solution completely breaks down. In the NRW algorithm the
reflection coefficient

I =X+VX2-1 (2.40)

is given explicitly in terms of the scattering parameters where

. 1 -WW
X=— )
Viov (2.41)
and :
Vi=S8u+5u, (2.42)
Vo= 8u—5n . (2.43)

Note that in the Nicolson-Ross solution the S-parameters must be rotated to the plane of
the sample faces in order for the correct group delay to be calculated. The correct root
is chosen in eq (2.40) by requiring |T';| < 1. The transmission coefficient Z; for. the NRW
procedure is given by

Su+Sa—T

Z, = .
1 1-— (511 + S2l)rl

(2.44)
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If we define
' — = _[T In(=)]?, (2.45)

then we can solve for the permeability

= 1+T,
T

(2.46)

where Aq is the free space wavelength and ), is the cutoff wavelength. The permittivity is
given by

o111,
E[x\_ﬁ - [mln(z)] ]. (2.47)

Equation (2.45) has an infinite number of roots for magnetic materials, since the log-
arithm of a complex number is multi-valued. In order to pick out the correct root it is
necessary to compare the measured group delay to the calculated group delay. The calcu-
lated group delay is related to the change of the wave number k with respect to the angular
frequency

*
€R

Tealc.group =

d |epprf? 1
—L— - — 2.48
Ldf \J c? A2 (2.48)
€yt + 21 dchug)
=_%f”m L (2.49)
c crerf? 1 '
é? A2 /
The measured group delay is
1 d¢
Tmeas.group — é‘;r"'d‘f [ (250)

where ¢ is the phase of Z;. To determine the correct root, the calculated group delays.

are found from eq (2.49) for various values of n in the logarithm term in eq (2.45), where
InZ = 1In|Z| + j(0 + 27n), where n = 0,41,+£2,.... The calculated and measured group
delays are compared to yield the correct value of n. Many researchers think of the NRW
solution as an explicit solution; however, due to the phase ambiguity, it is not in the strict
sense. Where there is no loss in the sample under test, the NRW solution is divergent at
integral multiples of one-half wavelength in the sample. This occurs because the phase of
511 cannot be accurately measured for small |S1;]. Also in this limit both of the scattering
equations reduce to the relation Z?> — 1, which is only a relation for the phase velocity and
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therefore solutions for €} and u} are not separable. This singular behavior can be minimized
in cases where permeability is known a priori, as shown in previous work performed by
Baker-Jarvis [26].

For magnetic materials there are other methods for solution of the S-parameter equa-
tions. In the next section we will describe various solution procedures.

2.2.2 2-Port Solution Where Position is Determined Solely by
Lairline and L

In order to obtain both the permittivity and the permeability from the S-parameter rela-
tions, it is necessary to have at least two independent measurements. These independent
measurements cauld be two samples of different lengths, it could be a full 2-port measure-
ment, or it could be a 1-port SCL measurement of the sample in two different positions in
the line. In the full S-parameter solution we solve equations that are invariant to reference
planes for € and u. A set of equations for single-sample magnetic measurements is

r2-— z2
S11522 — S21512 = exp{—270(Lair ~ L)} 755557 > (2.51)
1-I?7
Z(1-T?
(521 + 512)/2 = exp{—‘yO(Lai, — L)}-i—(:*-l;a—?—} . (252)

Equation (2.51) is the determinant of the scattering matrix.

Iterative Solution

Equations (2.51) and (2.52) can be solved iteratively or by a technique similar to the NRW
technique. In an iterative approach, Newton’s numerical method for root determination
works quite well. To solve the system it is best to separate the system into four real
equations. The iterative solution works well if good initial guesses are available.

Explicit Solution

It is also possible to obtain an explicit solution to eqs (2.51) and (2.52). Let z = (S21512 —
S11522) exp{270(Lair — L)} and y = {(Sa1 +S12)/2} exp{70(Lair — L)}, then it can be shown
that the physical roots for the transmission coefficient are

) 2
gty (=t . (2.53)
2y 2y

17



The reflection coefficient is

, A
I, = i’/aczz’ . (2.54)

The ambiguity in the plué—or-minus sign in eq (2.54) can be resolved by considering the
reflection coefficient calculated from S, alone

22— 1)+ .,/a?Z4 + 222(25,; — a?) + o2
r, = )£/a (251 — o?) o (2.55)
25]1Z2

where a = exp(—2y,L,). The correct root for I'; is picked by requiring |T's| < 1. Note
that an estimate of L, is needed in eq (2.55). If T, is compared with ['s then the plus-
or-minus sign ambiguity in eq (2.54) can be resolved and therefore I'; is determined. The
permeability and permittivity are then

1+T7, 1
W = -1 il"z ﬁ(ln Z +27gn) , (2.56)
. ¢t or 1 ) .
€ = E{(A— 2~ z‘;(an +2mjn)%)/ uf, . (2.57)

The correct value of n is picked using the group delay comparison as described in the
Nicolson-Ross-Weir technique. At low frequencies the correct roots are more easily identi-
fied since they are more widely spaced.

2.2.3 Two Samples of Different Length

Solutions for the material parameters exist when scattering parameters on two samples of
differing lengths are measured. Let us consider two samples, one of length L and one of
length o1 L as indicated in figure 2.2.

For independent measurements on two samples where |.S;,| > —50dB over the frequency
band of interest we use only S,; measurements. The measurements obtained on the two
samples are designated as S2101) and Sa1(2) for first and second measurements:

Z(1-T?
521(1) = EXP{“"YO(Lair - L)}l—‘_—'Zqu , (2.58)
Z%(1 - TI?
Sa1(2) = exp{—o(Lair — alL)}t%ml , (2.59)
where
Z = exp(—~L) , (2.60)
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Figure 2.2: A dielectric sample in a transmission line for two sample magnetic measurements

and

2 =exp(—ayL) . (2.61)

The reflection coefficient is given by eq (2.37). Equations (2.58) and (2.59) can be solved
iteratively for e and px.

This solution is unstable for low-loss materials at certain frequencies if the sample
lengths, L and a;L, are related so that both materials resonate at a certain frequency
simultaneously. Also with this technique two-sample length measurements are required,
and this increases the uncertainty.

2.3 Measurement Results

The measurement consists of inserting a well-machined sample into a coaxial line or waveg-
uide and measuring the scattering parameters. For waveguide measurements it is important
to have a section of waveguide of length about two free space wavelengths between the coax-
to waveguide adapter and the sample holder. This acts as a mode filter for filtering out
higher evanescent modes. There are many roots to the equations for the permeability and
permittivity and caution must be exercised when selecting out the correct root. At lower
frequencies (< 1 GHz) the roots are usually more widely spaced and therefore root selec-
tion is simplified. Another approach to root selection is the measurement of two samples
of differing lengths where the results compared to determine the correct root.
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Figure 2.3: €} of a loaded polymer in a X-band waveguide with the full S-parameter iterative
technique.

2.3.1 Measurements without Gap Correction's

Various measurements have been made in waveguide and coaxial line. Some of the results
of these measurements are reported in figures 2.3 through 2.14 for the full S-parameter
technique and in figures 2.15 and 2.16 for the two-sample length method. The measurements

- reported in this section are not corrected for gaps around the sample. The effect of the air

gaps is to measure values of the material parameters that are lower than the actual values.
In the next section we will discuss ways of mitigating the effects of air gaps.

2.3.2 Effects of Gaps between Sample and Waveguide

Gaps between the sample holder and sample cither may be corrected with the formulas
given in the appendix or a conducting paste can be applied to the external surfaces of the
sample that are in contact with the sainple holder before insertion into the sample holder.
In figure 2.17 we show a measurement of a nickel-zinc ferrite with and without a gap-filling
grease. The dielectric loss factor is increased slightly by the gap filling. We suspect that
part of this increase is due to the finite conductivity of the conducting grease.
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Figure 2.4: €% of a loaded polymer in a X- band waveguide with the full S-parameter
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Figure 2.5: u% of a loaded polymer in a X-band waveguide with the full S-parameter
iterative technique.
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Figure 2.8: ¢ of a ferrite in a X-band waveguide with the full S-parameter iterative tech-
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Figure 2.9: p of a ferrite in a X-band waveguide with the full S-parameter iterative
technique.
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Figure 2.10: p% of a ferrite in a X-band waveguide with the full S-parameter iterative
technique.
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Figure 2.11: € of a loaded polymer in coaxial line with the full S-parameter iterative
technique.
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Figure 2.12: €}, of a loaded polymer in coaxial line the full S-parameter iterative technique.
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Figure 2.13: u% of a loaded polymer in coaxial line with the full S-parameter iterative
technique.
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Figure 2.14: p% of a loaded polymer in coaxial line with the full S-parameter iterative
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Q Figure 2.15: €, of a loaded polymer in a X-band waveguide with TR method for two sample
technique, for three different samples.
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Figure 2.16: up of a loaded polymer in a X-band waveguide with TR method for two
sample technique, for&kg’ge different samples.

o ¢ (No Conductive Paste)
. ¢:‘(Conducm Paste)

0.01 deed b daaasl o dasaal o tai} bondd
0.001 0.01 0.1 1 10

Frequency (GHz)

Figure 2.17: The dielectric and magnetic parameters of a nickel-zinc ferrite in a coaxial line
from 1 MHz to 10 GHz with the full S-parameter iterative technique.
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2.4 Permeameter

In the past permeameters have been used for high permeability materials. Rasmussen [29],
Hoer [30], Powell [31], and Goldfarb [32] have all described various permeameter setups.
In this section we wish to review the theory behind the permeameter.

If a toroidal sample is inserted into an azimuthal magnetic field region, the inductance
is changed. If the inductance of the empty sample holder is compared to the inductance of
the filled holder then it is possible to extract the complex permeability of the material.

Consider a toroid of inner diameter a and outer diameter b and height h. The material
contributes an inductance of [32]

_ p'hin(b/a)
Ly ==—% """ (2.62)
and the inductance of the air space is
_ pohIn(b/a)
e (2.63)

The net change in the sample inductance when the sample is inserted into the holder is

AL=L,—-L,, (2.64)
and therefore

f 14 2rAL
HR= 2T hin(b/a) -
The magnetic loss may be obtained from consideration of the core loss AR or resistance

v AR
R = Lo fhIn(b/a)

(2.65)

(2.66)

These equations are a special case of the scattering equations for short-circuit line (see
eq (4.7)) in the limit as w — 0 and through use of relation Hy = E,/Z.
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2.5 Uncertainty of Combined Permittivity and Per-

meability Determination

In this section an uncertainty analysis is presented. The sources of error in the permeablhty
and permittivity TR measurement include

¢ Errors in measuring the magnitude and phase of the scattering parameters,

o Gaps between the sample and sample holder,

Sample holder dimensional variations,
o Uncertainty in sample length,
¢ Line losses and connector mismatch, and

e Uncertainty in reference plane positions.

A technique for correcting errors arising from gaps around the sample is given in Ap-
pendix B [33,34,35]. Gaps between holder and sample either may be corrected using the
formulas given in the appendix or conducting liquid solder can be painted on the external
surfaces of the sample that are in contact with the sample holder before insertion into the
sample holder, thereby minimizing gap problems. The formulas given in the literature gen-
erally under-correct for the real part of the permittivity and over-correct for the imaginary
part of the permittivity. We assume that all measurements of permittivity have been cor-
rected for air gaps around the sample before the uncertainty analysis is applied. In order
to evaluate the uncertainty introduced by the measured scattering parameters and sample
dimensions, a differential uncertainty analysis is assumed applicable with the uncertainty
due to Sy and S, evaluated separately. We assume that the S-parameters are functions
of Si;(}S11l,[S21}, 611,021, L,d). We assume that the total uncertainty in e, where d is
the air gap between the sample and waveguide. We assume that the uncertainties for the
physically measured parameters are

Ady 1 dely 2 (acR ?
- AlS. AG,
e'R eh\g[(alsan i) + (5

(?(R 2 aﬁR 2
(aLm) (adAd) . (2.67)

Aeg 1 Jeg : O, 2
& g[(am i) + (GRae) | +
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where a = 11 or 21, Af is the uncertainty in the phase of the scattering parameter, A|S,| is
the uncertainty in the magnitude of the scattering parameter, Ad is the uncertainty in the
air gap around the sample, and AL is the uncertainty in the sample length. The derivatives
with respect to air gap, der/dd, have been presented previously [26]. The uncertainties
used for the S-parameters depend on the specific ANA used for the measurements. This
type of uncertainty analysis assumes that changes in independent variables are sufficiently
small so that a Taylor series expansion is valid. Of course there are many other uncertainty
sources of lesser magnitude such as repeatability of connections and torquing of flange bolts.
Estimates for these uncertainties could be added to the uncertainty budget.

2.5.1 One Sample at One Position

For the uncertainty analysis it is necessary to take implicit derivatives of the S-parameter
equations with respect to the assumed independent parameters. It is assumed that the
functions are analytic over the region of interest with respect to the differentiation variables.
The independent variables are assumed to be |Sa1l, 1S1l, 611, 021, and L. The derivatives
of the S-parameter egs (2.31) through (2.33) can be found analytically

0S11,0Z Oex 0Z Opg 0511, 0T Oe or OJpg )
N + n = exp(jOu), (269
At T R o R o oI T N LA
+ + — + - - =0, 2.70
57 55,3501 T O a1Sa] T AT ek 215l T OuR A5l (278)
08y, 0Z Oey 0Z Ouxr 08y ' Oy ar' Our .
+ + - =0, 2.71
57 8es 81us] * 9 B1Su] T 0T 065 aSul * Ok 015wl &)
0S21,0Z Oep 0Z Oug 0S5, 0T Oep or Opg , _ .
57 5 9151+ Bpn B1Sm] T OF 0 015u] T Ok BlSy] — PUln) - (272)
We can rewrite eq (2.69) - (2.72) as
8511 aZ + 0511 BF 06;2
R sV 66;2 ar 86*RJ815111
A
7 88, or . o |
05 DZ | 95 OL) Wk _ exp(jon) , (273)

\ 0Z ouyp O a#;{Ja!SnI

4]
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N 0Z ouy  Or B,ujglalsml Y
B
05, 07 + 0S5y BP) Ocp, +
0Z e, 0T ey’ 0]Su]
c
8521 aZ 4 8521 8F 3,u*R -0 ,

L 9Z dup ' O Ouy’ 0|Su|

D

8521 6Z 8521 BF 86;{

&‘aZ Ock, + or 36}‘2)131521] +
c
8521 8Z + 6521 BF 0/1}2

07 duy | O duy 915x] = exp(i0n)

o

D

where we have defined parameters A, B, C, and D. If we let

_ 9502
-~ "%z oL’

__98u0z
 0Z 3L’

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

we can solve for the derivatives that have been taken with respect to the independent

parameters in eqs (2.73)- (2.75):

Ok _ exp(79n)
0lSu|  [A-5%]
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Figure 2.18: The derivative of €5 by |$,,| vs L/, with e = (5.0,0.02), up = (2.0,0.03).
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The measurement bounds for S-parameter data are obtained from specifications for a
network analyzer. The dominant uncertainty is in the phase of S;; as | S}, |— 0. The
uncertainty in [Sy| is relatively constant until |Sy] < -50 dB, when it increases abruptly.
The various derivatives are plotted in figures 2.18 through 2.27.
In figures 2.28 through 2.31 the total uncertainty in eg and pj computed from S,
and Sy is plotted as a function of normalized sample length. For low-loss and high-loss

materials at 3 GHz with various values of ¢ and the guided wavelength in the material
given by

exp(—yL). (2.95)

Ay = 2 (2.96)
™ 2!\/(’7+c”5+c' 1 (2m\2 . '
w 1 = (%)

In figures 2.28 through 2.31 the error due to the gap correction is not included, nor
are there uncertainties included for connector repeatability or flange bolt torquing. The
maximum uncertainty for low-loss materials occurs at multiples of one-half wavelength.
Generally, we see a decrease in uncertainty as a function of increasing sample length.
Also, the uncertainties in the S-parameters have some frequency dependence with higher
frequencies having larger uncertainties in phase.

33




40 T T

40 —

Figure 2.19: The derivative of €g by 02, using Sz vs L/A, with e = (5.0,0.01), uj =
(2.0,0.03).
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Figure 2.20: The derivative of € with respect to 85 using S3; with € = (5.0,0.01), u} =
(2.0,0.03).
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Figure 2.21: The derivative of € with respect to L using Sy with e = (5.0,0.01), uj =
(2.0,0.03).
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Figure 2.22: The derivative of ¢k with respect to L using S with e = (5.0,0.01),uk =
(2.0,0.03).
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Figure 2.24: The derivative of e} with respect to |Sy;| with e = (5.0,0.01), u% = (2.0,0.03).
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Figure 2.25: The derivative of eg with i ith €}
ey of €;; with respect to 6y, using S with €g = (5.0,0.01), pr =
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Figure 2.26: The derivati 0 _
(2.0,0.03). erivative of ¢4 with respect to 6; using Su with €g = (5.0,0.01), pg =

37




0 1 T
400+ -
SH
de;
R
— 800} —
oL
-1200 -
-1600 1 L
0 1 2 3
L
Am

Figure 2.27: The derivative of e with respect to L using Su> with €5 = (5.0,0.01), uy =
(2.0,0.03).
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Figure 2.28: The relative uncertainty in €z(w) for a low-loss material as a function of
normalized length, with g} = (2,0.05), ¢; = (10,0.05) and (5, 0.05).
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Figure 2.29: The relative uncertainty in pr(w) for a low-loss material as a function of |
normalized length, with % = (2,0.05), €g = (10,0.05) and (5, 0.05).
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Figure 2.30: The relative uncertainty in eg(w) for a high-loss material as a function of
normalized length, with p} = (2,0.5), €g = (10,0.5) and (5,0.5).
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Figure 2.31: The relative uncertainty in px(w) for a high-loss material as a function of
normalized length, with g} = (2.0,0.5), ¢ = (10.0,0.5) and (5.0,0.5).
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Figure 2.32: The real part of the relative permittivity egp(w) for a nickel-zinc compound
with uncertainties.
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Figure 2.33: The imaginary part of the relative permittivity ep(w) for a nickel-zinc com-
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In figures 2.32 through 2.35 a measurement of a nickel-zinc ferrite compound is given
with associated uncertainties. Uncertainties increase at high and low frequencies. At
high and low frequency extremes the uncertainties in phase increase. Also, the scale is
logarithmic which distorts the lengths of the error bars.

2.5.2 Two Samples of Differing Lengths

Another method to determine permittivity and permeability is the measurement of two
samples with differing lengths. The advantage of this method is that each sample resonates
at a different frequency and therefore S;; can be appreciable over the entire frequency band.

We assume the S-parameters are functions of Si;(|Smnl, Omn, L1, L2). The parameters
used for measurements on materials of low to medium loss are

Z:(1 —T?)

vk (2.97)

SZl(i) =

since it is acceptable down to -40 dB. We assume that the lengths of the samples are L,
and L, = aL;. Due to the two lengths, there are transmission coefficients for each sample

Z, = exp(—vL,y) , (2.98)
Zy = exp(—ayLy) . (2.99)

The relevant partial derivatives of eqs (2.97) are:

8521(1) @Zl 86,;{ + 5Zl au}}

+
0Zy "0¢y 0|Sawy|  Our 3|521(1)|]
T '0ex0|Saqy|  Opk 0]Saiq)
= exp(jfh) (2.100)

0Sn(z),0Z, Oep | 0Z, Oup +3521(2)[3F Ock O Owp 4 _, (2.101)
02, "0¢p 0|Suq)l  Opuk 9|Suq)l O "0er 0|Supsl ~ Opk 0|52 T

05n(1),0Z, dey  0Z1 Ouy L 9Snw O 0 or dup , _
0Z, "0€p 0|Sue)|  OpRdlSu@| OT 0 dlSnw|  Ouk8lSue)|

0, (2.102)
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0521(2) 07, 86}} n 0Z; Oug
0Z, "0¢ 0|Sn@)|  Opk 0|S2ue)
8521(2)[ 81‘ ae}} + 61‘ 0;1;‘2
T ‘e 8|Syl = ukOlSn()l
= exp(j6.) . - (2.103)

We can rewrite eqs (2.100) through (2.103) as

(8521(1) 0Z1 8521(1) BF 66}‘2
BZl 86}‘2 6F 86‘,}101521(1)1

Ay

8521(1) BZ 6521(1) BF 8;1}}

= exp(j6y) , 2.104
D 0Zy dpp 0T Opk’ OlSuq e U) 210
B
(6521(2) 622 6521(2) or 66;2
D 0Zy Oeq T Oep” 015
4
0z, 0§ r :
+(3521(2) 2 2(2) 0 Opr  _ 0, (2.105)

8Z, Ouyp 9T Opgp’ 3|Suml ‘
B

.

6521(1) 321 8521(1) 31" 66;2
o (9Z1 66;3 BI‘ BeﬁlalSm(g)l

"

Ay
8521(1) 07, 5521(1) ar Opn —
V07, opp @ OT Bpp’ 0lSnq)
B

0, (2.106)
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(6521(2) aZQ 8521(2) 8F 8ﬁ}3
. 6Z2 aé*R or 86}‘246|52‘1(2)|
Az
6521(2) 622 8521(2) ar 8/1"‘R
6Z2 aﬂ;{ 61‘ 8/1*340[.5'21(2)1
B,

+(

~

= exp(j602) , (2.107)

where we have defined parameters A,, B;, Ay, and By. Also for the relevant derivatives
with respect to length, we find

0521(1) 6Z1 aS‘Zl(l) or aéﬁ
© 0Zy Oep oI Oeg’ 0L
A

8521(1) 8Z1 8521(]) 6F 8/1}‘2 + 6521(1) 6Z1

=0, 2.108
0% Oun O dux’ 0L " 92 oL, (2.108)
Bl El
(6521(2) aZQ 6521(2) BI‘ 36;;
A 0Z, Oex or 66;;/6111
Az
(8521(2) 0Zy | 0S5y OT | Oup + 95312) 02, =0. (2.109)

3Z2 6/.14;2 8F a/.t;z 8L1 aZQ BLl -
~ — v \-——?;—J
By

We now can solve for the derivatives that have been taken with respect to the indepen-
dent parameters in eqs (2.104) through (2.107)

Ocy B, exp(jb:)
— ; 2.110

0S210)]  A1By — BiA, ( )

a’uk A2 ae}}
e f A yn: Y 2.111)
91S21(1) B; |Sa)l (

O _ _Biexp(j6y) (2.112)
3l521(2)| A2By — By A, ,

Opr  _ A _Ocq (2.113)
3|5'21(2)| Bl 1521(2)| ’
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86;2 _ E132 - FzBl

O DBem (2.114)
?f: __ & +Bf1‘ra§5 , (2.115)
260? = J'|521(1)|5‘—§§§m , (2'116)‘
%4% _ 1'15210)15%:’1] , (2.117)
=Sl .-
agzzlfi, _a +( f’_Z;Z(ZZ;P— DN (2.120)
85;1:(,-) _ 2(Z1,-I;(§Z—?)12) , (2.121)
%% = —yexp(—7L) , (2.124)

gé _ Legl;wz éxp(—vL) , (2.125)
36; _ Legzwz exp(=L) . (2.126)

In figures 2.36 through 2.37, the total uncertainty in €g and p} computed from Sy is
plotted as a function of normalized sample length, for low-loss and high-loss materials at 3
GHz with various values of 5.

When the length of one sample is twice the length of the other sample, we see instability
at frequencies corresponding to nAn, /2. Generally, we see a decrease in uncertainty as a
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Figure 2.36: The relative uncertainty in ep(w) for a low-loss material as a function of
normalized length for the case when L, = 0.5L, for two different permittivities.

function of increasing sample length. Also, the uncertainties in the S-parameters show
some frequency dependence. In figure 2.37 the ratio of sample lengths is /2. In this case
we see greater stability over the frequency range than in the case where the range is 0.5.
Resonances in the solutions will occur when L = nA,,/2 and oL = mA,,/2 simultaneously,
where m is an integer.
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2.6 Uncertainty in Gap Correction

The correction for an air gap between the wall of the sample holder and sample is very
important for measurements of high permittivity materials. In addition, the uncertainty
in the gap correction is very important for high permittivity materials and may actually
dominant the uncertainties of the measurement. In appendix C the gap correction is worked
out in detail. In this section the uncertainty in the gap correction will be worked out.

2.6.1 Dielectric Materials
Waveguide Gap Uncertainty

The uncertainty due to an air gap between sample and holder can be calculated from the
partial derivatives of e; with respect to sample thicknesses, d. The relevant derivatives for
waveguide are given by

6‘5::12 ’ 1 2 d

] (R A Ty (R (2120
ae’cIR _ "o b
Coaxial Gap Correction
For coaxial line the relevant derivatives are given by
aEIR / 1 ” L2
R _ 2.129
6R2 ‘mR RQ(L3 - C;nRLl) + ‘mR Rz(L;g - C:nRLl)z ’ ( )
Ocn ' 1 ” L,
cR _ 2.130
6R3 EmRR3(L3 - C:nRLl) + €mRE{g(L:; - C;nRLl)Z ’ ( )
aE”R "o 1 L1
—ch — 2.131
51’22 CmRemR[Lsz + L%Rz] ’ ( )
| 66”3 "o 1 Ly
cR _ _ —. 2.132
6R3 6mRE'mR[Lle + L%RS] ( )
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2.6.2 Magnetic Materials
Waveguide Gap Uncertainty

The uncertainty due to an air gap between sample and holder can be calculated from the
partial derivatives of ug with respect to gap thicknesses, d. The relevant derivatives for
waveguide are given by »

’

a/LICR — ! b ’
wd - (1 _Iumﬂ)ﬁ ; (2.133)
a/‘ICIR _ I b |
dd - _/LmR;i—z- : (2134)
Coaxial Gap Correction
For coaxial line the relevant derivatives are calculated using
1\’1 =In Rz/R] 5 (2135)
[\’2 =In R3/R2 B (2136)
1(3 =In R,;/Rg 5 (2137)
I\',; =In R4/R1 ; (2138)
as follows o . KK i
Fer o B '3
= ——— -1 -, : 2.139
8R2 R2 ]\’2 [ﬂmR ]\’2 IX’Q [\'2] ( )
3// R 1 ’ 1\'4 ]X,l 1(3 |
cR _ — it ST Rt 4 2.140
6R3 'Rgli,z[ HmR 1\’2 + I\’g L 1\’2] ( )
Oplin ‘ K,
8 =y p——s 141
aR2 :umR RQ](% ) (2 )
Oher __ N (2.142)

0R3 = —MnR R31\’22 :

2.6.3 Higher Order Modes

The field model assumes a single mode of propagation in the sample. Propagation of higher
order modes becomes possible in inhomogeneous samples of high dielectric constant due
to changes in cutoff. Air gaps also play an important role in mode conversion. Generally,
“the appearance of higher order modes manifests itself as a sudden dip in |Sy;]. This dip
is a result of resonance of the excited higher order mode. We can expect point-by-point
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TR models to break down near higher order mode resonances for materials of high dielec-
tric constant or inhomogeneous samples. Optimized, multi-frequency solution techniques
fare better in this respect. The characteristic of the higher order modes are anomalies in
the scattering matrix at and around resonance. Higher order modes require a coupling
mechanism in order to begin propagating. In waveguide and coaxial line the asymmetry
of the sample promotes higher order mode propagation. In order to minimize the effects
of higher order modes, shorter samples can be used to maintain the electrical length less
than one-half guided wavelength. Also well machined sample are important in suppressing
modes. Higher order modes will not appear if the sample length is less than one-half guided
wavelength of the fundamental mode in the material.

Mode Suppression

It is possible to remove some of the higher order modes by mode filters. This would be
particularly helpful in cylindrical waveguide. One way to do this is to helically wind a fine
wire about the inner surface of the waveguide sample holder, thus eliminating longitudinal
currents and therefore TM modes. Another approach is to insert cuts in the waveguide
walls to minimize current loops around the waveguide.
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Chapter 3

Optimized Solution

3.1 Introduction

As indicated in the previous chapters, various numerical strategies have been employed for
reducing 1-port and 2-port scattering data for both nonmagnetic and magnetic materials.
The vast majority of the work in this area has involved the determination of permittivity
and permeability by the reduction of scattering data frequency by frequency, that is, by the
explicit or implicit solution of a system of nonlinear scattering equations at each frequency
(see [11,33]; as an example of a multifrequency approach see Maze et al.[15]).

What is lacking in the literature are practical, robust, numerical reduction techniques
for more accurate determination of permittivity and permeability in transmission lines.
Reliable broadband permeability and permittivity results for low-loss, medium-to-high di-
electric constant materials are hard to obtain with transmission line techniques. Coaxial
line measurements are particularly hard to obtain due to air gap influences and overmod-
ing. Traditional transmission line numerical techniques have difficulties to an extent that
render these techniques of limited use for low-loss materials and for high dielectric constant
materials. Difficulties arise with these methods for magnetic materials in that numerical
singularities can occur at frequencies corresponding to integral multiples of one half wave-
length. These instabilities arise from the fact that for low-loss materials both So1 and Sy
become equations for the phase velocity, and the permittivity and permeability therefore
enter as a product. These instabilities limit the acquisition of precise broadband dielec-
tric and magnetic results in the neighborhood of a resonance. Another problem pertains
to high dielectric constant materials. High dielectric constant materials are usually hard
to measure since the theoretical models are limited to a single, fundamental mode and
the data contain both fundamental and higher order mode responses. Further, point-by-
point reduction techniques for magnetic materials contain large random uncertainties due
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to the propagation of uncertainties through the equations. For nonmagnetic materials the
propagation of errors is less of a problem. ,

In our search for better reduction techniques we have found that nonlinear optimization,
which minimizes the squared error, are a viable alternative solution. Optimization-based
data reduction has an advantage over point-by-point schemes in that correlations are al-
lowed between frequency measurements. In nonlinear regression, if deemed appropriate, it
1s not necessary to even include S;; data in the constraint equations. Another advantage
of regression is that constraints such as causality and positivity can be incorporated into
the solution.

This chapter presents a method for obtaining complex permittivity and permeability
spectra from scattering parameter data on isotropic, homogeneous materials using nonlin-
ear regression. We solve the scattering equations in a nomnlinear least-squares sense with
a regression algorithm over the entire frequency measurement range. The complex per-
mittivity and permeability are obtained by determining estimates for the coefficients of
a truncated Laurent series expansion for these parameters consistent with linearity and
causality constraints. The procedure has been successfully used for accurate permittivity
and permeability characterization of a number of different samples where point-by-point
schemes have proven to be inadequate. The details of the numerical method have been
presented in [36]. The problem applied to microwave measurements is presented in this
chapter. The method can easily be extended to the analysis of multi-mode problems and the
determination of experimental systematic uncertainty. The novel features of our algorithm
are:

o The algorithm finds a “best fit” to the 2-port scattering equations using a nonlinear
least-squares solution for the permittivity and permeability.

e The algorithm uses fitting functions that satisly causality requirements.

¢ The numerical technique allows slight variations in the sample and reference position
lengths to compensate for measurement errors and sample imperfections.

¢ The method allows the de-emphasis of frequency points with large phase uncertainty.
* Statistics related to the solution parameters are automatically generated.
¢ The technique can force positivity of the fit functions.

o [t is possible to determine both complex permittivity and permeability from measure-

ments of a single scattering parameter on a 1-port or a 2-port taken over a frequency
band.
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3.2 Model for Permeability and Permittivity

In the optimization procedure the S-parameter eqs (2.31) through (2.33) for single-mode
problems, or egs (2.21) through (2.24) for problems with higher order modes are solved for
the material parameters by the optimization routine. For higher order mode problems the
matrix elements Aj; in eqs (2.21) through (2.24), which corresponds to the voltages in each
mode, can be determined by the optimization routine. However, we usually consider only
the primary mode.

The unknown quantities are Ly, L,, L, A., and pix(w) and ez(w). Some of these parame-
ters, such as the lengths and cutoff wavelength, are known accurately within measurement
uncertainty. Obviously the parameters of interest cannot be allowed to vary into non-
physical realms. The problem is to use an optimization routine to determine the model
parameters that are consistent with the scattering data and the physics of the problem.

3.2.1 Relaxation Phenomena in the Complex Plane

The numerical model requires an explicit functional form for uj and €}, to reproduce the
four S-parameters consistent with the data, for all the n frequency observations.

The general form for puj(w) and ex(w) should be causal see Appendix C; that is, it must
satisfy a Kramers-Kronig relation. If the zeros and poles of a complex function are known
over the complex plane, the function itself is known.

The Laplace transform of the rcal, time-dependent permittivity satisfies

e(F,s) = /0°° o, t)e~"tdt | (3.1)

For stability, there can be no poles in the right-half side of the s-plane. Since ¢(t) is real
it can be shown that the poles and zeros are confined to the negative real s-axis of the
s-plane, and the poles which are ofl the real s- axis must occur in complex conjugate pairs
[37].

Assuming linear response a constitutive relationship in an isotropic medium between
the displacement and electric fields is

Fad e

B(7,1) = F(7.0) + ¢ /°° C(r)E(F.1 = 7)dr . (3.2)
0

With this definition the permittivity is

Elw) = 1 +/O G(r)eTdr | (3.3)

The response function G(7) for an incident electric field can sometimes be represented as
a series of damped sinusoids of the form
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G(t) = 3" Ay exp(—(an + jb,)t) . (3.4)

We assume that the material parameters can be adequately modeled by a series of sim-
ple poles. The terms e relate to relaxation and the terms e~7*» relate to resonant -
phenomena. Since the Laplace transform of eq (3.4) is

1
Gs)=) Ap———— | 3.5
(5) Zn: s+ an+ jby (3:5)
for stability (no increasing time domain exponentials) there can be no poles or zeros in the
right half-side of the s-plane [37], [38]. In order to maintain the reality of €(s), any poles
off the imaginary axis in the w-plane must be conjugate poles of the form w = ja + b where
a and b are real, positive numbers as indicated in figure 3.1. These conjugate poles are of

the form
1 1

s+a+jb+5+a—jb’ (3.6)
and are related to resonant phenomena.
We assume that the permittivity can be expressed as
(Jw + 2z,) 1 1
€pg=C —_—r + . — + - . . 3.7
R Ir;[(]w'*-pn) ;[]w+an +an ]w+an—]bn] ( )

Here 2, and p, are the zeros and poles due to damped exponentials respectively, (a, % jb,)
are the complex conjugate poles, and C is a complex constant.
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Figure 3.1: Poles (X) and zeros (O) in the complex s-plane and conjugate poles off the real
s-axis. ,

For more complicated polarization phenomena other relations for permittivity could be
used. For a continuous distribution of relaxation times

a=%+kmy%d/”—ﬂﬂ_m, (3.8)

o 14 w?r?

>~ wry(r)
" — 0 _ / _IN S
¢ = 1d0) ~ €] o 1+w?r?
where y(7) is a distribution function. Various expressions for y yield various relations for
permittivity. Presently we use egs (3.11) and (3.12) in our calculations. The Havriliak-
Negami model for materials assumes a single nonsimple pole on the negative, real s-plane
axis:

dr , , (3.9)

A
(1+ [j|Blw]'=)?

where 3 and a are in the interval [0,1] and B is real. Limiting cases of this model are
(1) the Cole-Davidson model when o = 0; this model works well for some liquids and
solid polymers, (2) the Cole-Cole model when 3 = 1; this model has been used to describe
relaxation behavior of amorphous solids and many liquids. A simple Debye model (8 = 1
and ¢ = 1) is very limited and works well only for materials that contain a single relaxation
time in the frequency range of interest.

Heterogeneous materials and polymers usually have a very broad relaxation spectrum
and as such have a response of the form of a power law such as s~*. This behavior can be
obtained from the Cole-Davidson model when |Bjw >> 1.

In our present algorithm we assume a more general model than the single Debye relax- ‘
ation model a truncated Laurent series is used for pj(w) and ¢j(w). This expansion has

€ =C+ (3.10)
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generally yielded excellent results

- A1 A2
p = Ay + - + - , 3.11
HR) = Aot TR Y (T4 1By @1y
As Ay
*(w) = Do + —— I , 3.12
w(@) = Do+ 1B G T A By (3.12)

where B; are real numbers. The pole information yields constraints on the constants used
in the Laurent series expansion. For example, it is required that B; is a real number.

For a typical measurement on a network analyzer there may be 400 frequency points and
at each point all four scattering parameters are taken. The problem is overdetermined since
for n frequency measurements, if we assume known lengths, there are 8n real equations
. for the unknown quantities in the Laurent series. This over determination can be used

at frequencies in the gigahertz range to find corrections to sample position and cut off
wavelength. :

The approach for determining the complex parameters A;, B, is to minimize the sum
of the squares of the differences between the predicted and observed S-parameters,

min || 3555 - Py || (3.13)
1J

where the measured vectors are denoted by §,~j = (Sij(w1), Sij(wa), .., Sij(wy)) and where

F;; is the predicted vector. Hence, the problem consists of finding the norm solution to
these equations.

3.3 Numerical Technique

3.3.1 Algorithm

The solution currently uses a software routine called orthogonal distance regression pack
ODRPACK [39] developed at the National Institute of Standards and Technology. This
routine is an extended form of the Levenberg-Marquardt approach. This procedure allows
for both ordinary nonlinear least-squares, in which the uncertainties are assumed to be
only in the dependent variable, and, orthogonal distance regression, where the uncertain-
ties appear in both dependent and independent variables. First-order derivatives for the
Jacobian matrices can be numerically approximated (finite difference approximation) or
can be user-supplied analytical derivatives. The procedure performs automatic scaling of
the variables if necessary, as well as determining the accuracy of the model in terms of ma-
chine precision. The trust region approach enables the procedure to adaptively determine
the region in which the linear approximation adequately represents the nonlinear model.
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[terations are stopped by ODRPACK when any one of three criteria are met. These
criteria are: (1) the difference between observed and predicted values is small, (2) the
convergence to a predicted value is sufficiently small, and (3) a specified limit on the
number of iterations has been reached.
~ Initial guesses for € and p} are obtained from explicit solutions of Stuchly [7] or Weir
[6). The most significant input parameters for modeling permittivity and permeability are
the initial values for A; and B;. Sensitivity to the initial solution for these parameters is
discussed below. All additional parameters are initialized to 0.

When measurements of length and scattering parameters of a sample are taken, there
are systematic uncertainties.

An orthogonal distance regression model provides the modeler with the additional abil-
ity to assume that the independent variable, in this case, frequency, may contain some
uncertainty as well. Allowances for these types of uncertainty can, in some cases, greatly
improve the approximation. For this model and the samples tested, the errors in the in-
dependent variables are sufficiently small that an ordinary least-squares approximation is
adequate.

Model parameters such as sample length, sample position in the waveguide, and cutoff
wavelength could contain a systematic uncertainty. These parameters were allowed to
vary over a limited region, and the optimization procedure chooses optimum values for the
parameter. This procedure assumes that systematic measurement errors can be detected by
the routine. For example, inserting a sample into a sample holder introduces an uncertainty
in the sample position L;, so we include with L; an additional optimization parameter B,
in R, to account for positioning uncertainties,

R1 = exp(—‘yo[Ll + ﬂL1]) . (314)
Also for R,
Ry = exp(—7o|L2 + BL2]) - (3.15)

The routine requires that the length corrections be within a prescribed range which repre-
sents physical measurement uncertainty. The length of the sample L is completely deter-
mined by

L= Lair — (L1 + L2 + Bri + BL2) (3.16)

and is also implicitly parameterized by the values of 1; and BLa-

Due to inaccuracies in machining of the sample holder there is an uncertainty in the
cutoff wavelength of the guide. We account for this by the introduction of an additional
optimization parameter A, — A.+/\. We constrain this variation to be within measurement
accuracy.

The model can use various combinations of the available data to estimate both the
relative permeability and permittivity from scattering data. For example, Sy1 or Sy alone
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Figure 3.2: Predicted (solid line) and observed (dots) parameters for a barium titanate
compound (a) and cross-linked polystyrene in (b).

can be used to obtain both permeability and permittivity. This can be contrasted with
point-by-point techniques where both S;; and S11 are required. Also, magnitude alone
can similarly be used. Magnitude data have the advantage of requiring no reference plane
rotation. '

The technique works well for short-circuit line measurements. For short-circuit lines it
is possible with this technique to obtain both the complex permittivity and permeability
from a single broadband measurement on one sample at a single position in the line.

3.3.2 Numerical Results

The model predictions are formed by inserting eqs(3.11) and (3.12) into (2.31) and (2.33)
or (4.7) and then finding the unknown coefficients in the equations for € and u} that
produces the least square error. In figure 3.2 the experimental results are given for a
barium titanate compound and cross-linked polystyrene. These samples required 21 and
40 iterations respectively.

The difference between the predicted S-parameter and the observed values reveals the
presence of systematic uncertainty, as shown in figure 3.3, in the automatic network analyzer
(ANA). Additional tests revealed the source of the systematic error did not appear to be
related to the material tested in the waveguide. In fact, uncertainties produced for the cross-
linked polystyrene sample closely resemble the S-parameter data for an empty waveguide;
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Figure 3.3: Systematic uncertainty as indicated by the residual plot (the difference between

the observed and predicted values) for the case on an empty waveguide. The solid line is
at 0 residual.

we conclude therefore that much of the systematic error is due to calibration uncertainty
and joint losses at connector interfaces. For the barium titanate compound sample there
is both the fundamental mode response and smaller resonances related to higher-order
modes. As shown in figure C.1, the model interpolates a fundamental mode. This raises
the possibility of extending the model to incorporate higher-order modes by extending the
theoretical formulation of the problem.

It is easy to move the sample in the holder inadvertently when connecting the sample
holder to the port cables. Positioning errors of the sample in the air line can result in large
error in computed material parameters. The numerical algorithm can adjust for positioning
errors by adjusting L; or L, slightly. The effects of positioning error can be seen in figure
3.4.

In this example the routine predicted that the position of the sample was off by 0.8
mm.
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Figure 3.4: Measured real part of S;;, measured (. . . . ) and predicted ( ), for

a glass sample (a) with positioning error for L; and (b) the solution when the algorithm
adjusts for the positioning error. ’

3.4 Permittivity and Permeability

3.4.1 Measurements

In this section we present the measured and calculated permittivity and permeability.
Cross-linked polystyrene and the barium titanate compound are nonmagnetic and therefore
pr = 1. Comparison of the optimized solution to a point-by-point solution is shown in figure
3.5. In figures 3.6 through 3.9 results for four samples are given.

As a check we made an independent measurement of the barium titanate compound in
an X-band cavity where the results were ¢j =269 at 10 Ghz. This result can be compared

to the results in figure 3.6. Finally a result of another barium titanate compound is given
below.

3.4.2 Robustness of the Procedure

Since the transmission coefficient contains a periodic component, there is more than one
solution to the system of equations. Each root of the equation has a neighborhood around
which convergence will occur for initial guesses in that region. The robustness of a mathe-
matical procedure is related to how well the algorithm treats the nieighborhood around the
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Figure 3.6: Permittivity for barium titanate compound (a) and cross- linked polystyrene
(b), point-by-point method (. . . .), optimized solution (—-).
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correct root. The existence of alternative optima in the mathematical model requires an
accurate initial guess in order to converge to the correct solution. Typically convergence
occurs after about seven iterations. The use of constraints and the large number of equa-
tions enhances the uniqueness of the solution by reducing the dimensions of the solution
space. '

In point-by-point methods the correct solution is selected from the infinity of possible
roots by calculating the slope of the phase curve and comparing the measured and calculated
group delays. A group delay constraint is also used as a way of determining the physical
solution.

The numerical effectiveness of the entire permeability and permittivity calculation de-
pends on the robustness of the ODRPACK procedure and, more significantly, the robustness
of the mathematical model. For the samples used in this study, the robustness of the proce-
dure depended on the sample. For the materials with low dielectric constant the procedure
readily determined a solution for a variety of input values with a large radius of conver-
gence. For materials with higher dielectric constant, the procedure often converged quickly,
although the existence of alternative local optima in the mathematical model required some
testing to make sure that the converged root was the correct root.
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3.5 Discussion

An optimization approach to the solution of the scattering equations appears to be a viable
alternative to point-by-point techniques. The technique allows a stable solution for a broad
range of frequencies. The method works particularly well for short-circuit line measure-
ments. Unlike the point-by-point short-circuit method which requires measurements on
two samples or in two positions, the optimized solution can obtain complex permittivity
and permeability on a single sample at a single position.

The reflection (S;;) data are usually of lesser quality than the transmission data (.S,;)
for low-loss, low- permittivity materials. Therefore S;; need not be included in the solution
for low-loss materials. However, reflection data S;; and S,, are very useful in determining
the position of the sample in the air line as indicated in figure 3.7. The technique was
successful for many isotropic magnetic and relatively high dielectric constant materials.
The addition of constraints to the solution is powerful in that it further limits the possible
solution range of the system of equations and enhances the uniqueness of the solution. The
use of analytic functions for the expansion functions allows a correlation between the real
and imaginary parts of the permittivity and permeability. The results shown in figures
3.5 through 3.6 indicate that the method can be used to reduce scattering data of fairly
high dielectric constant materials. In fact, in some cases the optimized procedure yields
solutions when the point-by-point technique fails completely.

Why does an-optimization approach, in many cases, reliably reduce data on higher
dielectric constant materials (¢ > 20), whereas point-by-point techniques generally fail?
Scattering data for higher dielectric constant materials contain responses to both primary
mode and higher order modes. As indicated in figure 3.2 for the barium titanate compound,
the optimization routine selects the primary mode data and places less weight on the higher
mode resonance data.

The optimized technique can be used to treat problems where sample lengths, sample
holder lengths, and sample positions are not known to high accuracy. Permittivity and
permeability can be found from the equations without specifying either sample position or
sample length. This result could find application to high-temperature measurements.

Higher-order modes propagate in samples when two conditions are met. The frequencies
must be above cutoff in the sample, and there must be inhomogeneities or asymmetries in
the sample to excite the higher order modes. Higher-order modes can be incorporated
- into this type of model by letting the optimization routine select the power in each mode.
Higher-order mode models are a subject of our current research.
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Chapter 4

Short-Circuit Line Methods

4.1 Theory

In this section we review the mathematical formalism for short-circuit measurements. We
consider a measurement of the reflection coefficient (Si; for a shorted two-port) as a function
of frequency. We begin with a mathematical analysis of the electromagnetic fields in the
sample. The details of the field model have been presented previously [26] and only the
most essential details will be presented here.

Assumptions on the electric fields in regions I, II, and III shown in figure 4.1 may be
made as follows: (1) only the dominant mode is present in the waveguide; (2) the materials
are homogeneous and isotropic; (3) only transverse electric fields are present. Under these
conditions the electric fields in these regions may be expressed as:

E; = exp(—90z) +.S11 exp(0z) , (4.1)
Erp = Crexp(—7z) + Csexp(yz) , (4.2)
Eqrr = Cyexp(=v0(z — L)) + Cs exp(o(z — L)) . (4.3)

We wish to determine the coefficients in eqs (4.1) through (4.3) by imposing boundary
conditions on the system of equations. The boundary conditions are:

o Tangential component of the electric field is continuous at sample interfaces.
e Tangential component of the magnetic field is continuous at sample interfaces.

o The electric field is null at the short-circuit position (perfect reflect).
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Air

Figure 4.1: A transmission line with a short-circuit termination.

Expressions for the coefficients in eqs (4.1) through (4.3) are presented in reference [26).

Matching boundary conditions of the field equations at the interface and the reflect
yields an equation for the permittivity and permeability in terms of the reflection coefficient,
p = Si1 = C;. With the sample end face located a distance AL from the short,

_ —2B864[(6+1)+ (6 —1)8%tanh~L

S =P S 64 1) = (6 — 1) anh AL’ (44)
where it
B=—, 4.5
Yol (4.5)
and
0 = exp(—24,AL) . (4.6)
In terms of hyperbolic functions
tanhyL + BtanhyoAL — B(1 + ftanhyL tanh4,AL) (4.7)
1= .

"~ tanhqL + Btanh v,AL + B(1 + Btanh vL tanh YoAL) "

31 for a matched two-port can be obtained as a special case from eq (4.4) by letting 6 — 0.

Although in the derivation of eq (4.7) it is assumed that the sample plane coincides
with the measurement calibration plane, this is not the case in general; however, we can
transform the reference plane position by a simple procedure. To accomplish this, we write
the most general expression for the reflection coefficient as
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Sll(trans) = R%‘S,ll ) (48)

where Syjians is the reflection coefficient at the calibration reference plane position,

R] = exp(—'yoLl) ) (49)

and L, is the distance from the calibration plane to the sample front face. Equation (4.8)
transforms the reflection coefficient from the calibration plane to the plane of sample front
face. It is of interest in many applications to eliminate the distance L, from eq (4.8). This
can be accomplished by measuring Sy; of the empty sample holder,

Sll(empty) = ——exp(—Q'yo[Ll + AL+ L]) = “eXP("‘Q’YoLair) ’ (410)
and therefore the ratio of the filled to empty holder reflection coefficient is
Sll(trans) _ J
Z1itrens) — _ exp(270[AL + L])S11 . (4.11)
Sll(empty)

If both the permeability and the permittivity are required, measurement data for two
different short-circuit positions are needed. Note that standing waves can be formed in the
region between the sample and short-circuit and between the calibration plane and sample
front-face. Therefore certain frequencies, depending on sample length and the other lengths,
will give better results for permittivity and other frequencies better results for permeability.

The position of the short-circuit is a low electric field and high magnetic field region and
a position A/4 from the short- circuit is a high electric field and low magnetic field region.
Therefore as frequency permits, for permittivity measurements the sample should be moved
away from the short-circuit termination. Permeability in isolation can be obtained with
the sample at the short-circuit position. Of course when an ANA is used measurements
will be taken at many combinations of field strengths and therefore the uncertainty will
vary with frequency.

4.1.1 Two Samples of Different Lengths

It is possible to solve for the permeability and permittivity when the scattering parameters
with samples of two differing lengths are measured. To see this, let us consider two samples,
one of length L and one of length oL as indicated in figure 4.2.

Then for independent measurements on the two samples we have

r-2z?
Suq) = 1-T22° | (4.12)

and
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Figure 4.2: A transmission line with a short-circuit termination in two sample magnetic
measurements.

Z = exp(—~L) . (4.13)

The reflection coefficient I' is given by eq (2.37). The scattering 1-port parameter is given
by

T - Z2a
S1(2) = 1Tz (4.14)
Therefore we can solve for Z in eq (4.12),
Suagy =T
7t 200 70 4.15
511(1)F -1 ( )
and substitute it into eq (4.14) to obtain
r— [sum—r ]"
S“(I)F-—l
Stz = P TE (4.16)
1 _ F 11(1)—
[S]l(l)r—l]

[‘:Jq}lation (4.16) is solved iteratively for ' and then Z is found from eq (4.15). The permit-
tivity and permeability can then be obtained, if we define

— = —[=—In(=2)]?, (4.17)
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Figure 4.3: A transmission line with a short-circuit termination for two-position measure-
ments.

P
€r = ;;};[XZ - K;] , (4.18)
. 14T
p = ’ (419)

1-DA/E - %

where Aq is the free-space wavelength and A, is the cutoff wavelength. Equation (4.17)
has an infinite number of roots for magnetic materials because the logarithm of a complex
number is multi-valued. In order to pick out the correct root it is necessary to compare
the measured to the calculated group delay.

4.1.2 Single Sample at Two Short-Circuit Positions

It is possible to obtain an explicit solution to eq (4.4) when measurements at two different
short-circuit positions are taken. The explicit solution is obtained by solving eq (4.4) at a
given short-circuit position (position 1) for tanh~yL and then substituting this expression
into eq (4.4) at another short-circuit position (position 2) as indicated in figure 4.3.

For two different short-circuit positions at the same frequency we obtain p; and p, for
positions 1 and 2:
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288 — [(6 + 1) + (6 — 1)) tanh 4L
P B (6 - VB — (6 + )] tanh AL’
[

2B, —[(62 + 1) + (82 — 1)B?] tanh~L
2= OB (6, — 1)B% — (& + 1) tanh L ’

where 6,8, denote the phases calculated from eq (4.6) for AL;, AL, respectively. These
equations yield

(4.20)

(4.21)

2B(81 + p1)

e = e D6 - D+ (=) 1) (4.22)
I Aah! 28(8 + p1) . )
T=7 (t fah [m(pl G -D+( —m)(51+1)] ””’”) )

where n is an integer. Since the arctangent is multi-valued, the correct value of n is
determined from the group delay arguments given in section 3.2.1. Also

2 _ b1(62(p1 = p2) + prp2 + 1 = 2p3) — (62(p1(p2 — 2) + 1) + p2 — p1)
- 8u(&(pr = p2) t oo+ 1 +2p2) — (B2(pr(p2+2)+ 1)+ pa—p1)

(4.24)

Once B is known, eqs(4.22) and (4.24) can be used to find permittivity and permeability.

4.2 Measurements

In the SCL technique the sgattering parameter Sy; is measured broadband, with the sample
at a given position in the sample holder. The distance from the sample to the short-circuit
termination must be known to a high degree of accuracy. If both permeability and the
. permittivity are required then the sample must be moved in the line and the S-parameters
again taken.

Depending on the position of the short-circuit, the sample may be immersed in either a
region of high electric field or high magnetic field. A strong electric field is advantageous for
permittivity determination, whereas a strong magnetic field is advantageous for permeabil-
ity determination. Generally, the sample end will be in a region of high magnetic field when
the sample is in closest physical contact with the short. It is possible to take advantage
of the fif:ctuating electric and magnetic field distributions when performing permittivity
and permeability measurements. When taking broadband measurements on an ANA it is
possible to predict when the sample is immersed in the various field strengths. Then one
can select the measurements to be used for permittivity and permeability calculations [35].

Measurements were made on an ANA for various samples. Using eq (4.4) we obtain
the permittivity and permeability which are shown in figures 4.4 and 4.5.
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4.3 Uncertainty of Short-Circuit Line Measurements

For magnetic materials it is necessary to make two independent measurements at a given
frequency. Independent measurements can be obtained either by measuring samples of two
different lengths or by taking measurements of a given sample at two locations in the line.
The special case of measurement of two samples of varying lengths (L;, L;) can be obtained
from the solution presented below by substituting L — Ly, ¥0 — v and AL — Ly — L;.

The uncertainty involved in two position measurements is explored in this section. The
uncertainty incurred with the equations expounded in this report is estimated. The sources
of uncertainty in the SCL measurement include

¢ Uncertainties in measurements of‘the magnitude and phase of the scattering param-
eters.

Gaps between the sample and sample holder.

Dimensional variations in the sample holder.

e Uncertainty in sample length.

o Short-circuit and line losses and connector mismatch.

e Uncertainty in positions of the reference plane and sample in holder.

Adjustment for errors due to gaps around the sample is obtained from equations avail-
able in the literature [33,34,35]. The formulas given in the literature generally under-correct
for the real part of the permittivity and over-correct for the imaginary part of the permit-
tivity. All measurements of permittivity are assumed to have been corrected for air gaps
around the sample before the following uncertainty analysis is applied.

In order to evaluate the uncertainty introduced by the measured scattering parameters,
we assume that a differential uncertainty analysis is applicable. This assumption implies
that uncertainties are of small enough magnitude so that a local Taylor series can be applied.
We assume that a Taylor series approximates deviations of the function from a given point.

We assume that the worst case uncertainty due to the S-parameters and sample lengths
can be written

Adp 1 e A o0y \? [8eq

€p  €p\ (a|s IIAIS"'> i (3BuM”> * (aL AL) i ( dd Ad) @)
Aeg 1 Ok 2 del, O 2 deh |
E}'{ - e (alsnlAISul) + (60 A011> + (3[1 AL) + ( 5d Ad) , (4.26)
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where Af is the uncertainty in the phase of the scattering parameter, A|S;,] is the un-
certainty in the magnitude of the scattering parameter, Ad is the uncertainty in the air
gap around the sample, and AL is the uncertainty in the sample length. The gap correc-
tion uncertainty is given in [26]. The uncertainties used for the S-parameters depend on
the specific ANA used for the measurements. In general uncertainties due to flange bolt
torquing and connector repeatability must be added to these uncertainties.

Let us define the variables

a = tanh+L , (4.27)

b = tanhy,AL . ‘ (4.28)

We wish to obtain explicit relations for the derivatives of €f and u}k with respect to inde-
pendent variables |Sy;(;)| and 8;, i = 1,2. We define S11(1) as the reflection at short position
1 and Syy(2) as the reflection at short position 2. Next define

_ tanhyL + BtanhyAL — B(1 + BtanhyL tanhy,AL)
" tanh~yL + Btanhy,AL + B(1 + Btanh+L tanh voAL)

— Sy =0. (4.29)

We assume the following as independent variables Sy;(:),7 = 1,2, L, AL, and d. Derivatives
of eq (4.29) with respect to the independent variables can be found analytically. By the
chain rule we have

000y 008, 0y | 070ady 008 o _ .
00 0y0uy 0B Opk 0|Su(m)| 0adv0ep 0B Oey’ 9|Su(m)| PRI ¥m )

a1 a2

4.30)

This equation is evaluated at position one. .

0f0a 0y  Of 0p, Oup  0f0ady Of0B, B .
\aa Oy Opg * op aﬂ}‘alatsn(m)l Laa 0y Oeq + op afﬁlalsu(m)f = exp(jOm) . (4.31)

bim bam

J

This equation is evaluated at position two. The four derivatives can be written

Oug Oep .
+ ——— Hm 6 m 3 4.32
alalsn(m)l aza‘sn(m)l *p(0n)o, . (4:32)
Opg Oey, :
b + b = 0m)02.m 4.33
lalsll(m)l 2615.11(1“)‘ exp(jm )63, ( )

where 0i,m is the Kronecker delta function.
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At the first position the derivatives with respect to length are
0f0a Oy Of 0,8] Opn [Bfaa 0y  Of 88, Oey af@

Ba 5y 3uy T 38345 5L

or

Oup ,  den , 0f Ba

“orL Y%L Taaar =
and for the second short-circuit termination position
Our Ocx  Of Oa
by EYs +b'z"0"-L—+5(-l-a—L——-0

9a070e, T 959601 T a3l —

0,  (4.34)

(4.35)

(4.36)

-The derivatives with respect to the distance from the sample back face to the short-circuit

termination can similarly be calculated

[_ai?_ﬁ_al_ + Qi._aﬁ] Ok + [‘_%E?_‘l Oy , 9f aﬂ] Opp  Of 9b _
0a Ov0py  0BOuRr "OAL  ‘'8advydcy,  O0B0ex "OAL ' 9bOAL
Ourn Oep,  Of 0b
“aarL v AL Tawaar =0
and for the second short-circuit position
Opy Ocp,  Of 0b
hoar tear T aaar =0

The derivatives can be calculated explicitly to yield

of
3 =
1 — f?tanhyAL
tanhvL + ftanh 1AL + B(1 + Btanh L tanh 70AL) Bl
tanhyL + Btanh yAL + 8(1 + Btanh vL tanh v, L)

(tanh 7L + Btanh voAL + A(1 + Btanh L tanh 1oAL) <

(1+ B*tanhy,AL)

of

b
B — B?tanh~L
tanhyL + Btanhy,AL 4 8(1 + ftanh L tanh 70AL) B
tanhyL + ftanhyAL + (1 + BtanhvL tanhyoL)
(tanhyL + Btanhy,AL — B(1 + StanhvL tanh yAL)?
(8 + B*tanhyL) ,
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0, (4.37)

(4.38)

(4.39)

(4.40)

(4.41)




of
55 =
tanhyoAL — 1 — 28 tanh~L tanhyoL
tanhyL + ftanhyAL + 5(1 + ftanhvL tanh 70AL)

__tanhqL + BtanhyAL + B(1 + ftanhyL tanh L)
(tanhvL + BtanhyAL — B(1 + Btanh yLtanhvAL)?

(tanhyoAL + 1 + 28 tanh yL tanhv0AL) . (4.42)

The following derivatives will be needed in the forthcoming analysis

g% = Lsech®yL , (4.43)
g—% = ysech®yL , (4.44)
.5%’_’5 = yosech®yoAL , (4.45)
g—g - ﬂ;ﬁ’o ’ (4:49)

B oy 1 v 1

= ~ L= 4.47
Opr  OpRBRYe  Youd (4.47)

9 _0y 1 - A’—%, (4.48)

Oy O¢€g €r0 B :1353
o _ 0v 08
ap gy 1
- , 4.50
Fer ~ Ber 10 (4.50)
a’)’ — _wz/cgaCC‘R (4 51)

oy 2y

Oy _ W/c.R
O, 2y

(4.52)
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Figure 4.6: A plot of the derivative of € with respect to |Sy;| as a function of the distance
from the short-circuit termination for the case of thin samples L < A,,.
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Opr by Oep

= —— , 4.54
31Sul = b O1ue) (4.54)
O¢k exp(j761)b

- , 4.55

3|Sn(1)] azb; — a;b, ( )
Opg a; Oep

=" 4.56

81511(2)1 a, 31511(2)] ( )
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‘ In figures 4.6 and 4.7 9e}/0|Sy1| is plotted as a function of the distance from the short
circult termination. We see that in the case of electrically thin samples the minimum
uncertainty occurs when the second sample measurement is at Ao/4 from the short-circuit

t;rmination. As shown in figure 4.7, this is not the case for samples that are not electrically
thin.
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Chapter 5

Discussion

We have presented an overview of the theory and the measurements for both the TR
method and the SCL method for dielectric and magnetic materials. In addition, relevant
uncertainty analyses have been developed. Equations were presented for TR and SCL
measurements that are reference plane invariant. These equations can be solved either by
iteration or explicitly.

There are two common problems in the data reduction techniques for transmission
line measurements. These problems are the existence of higher mode resonances and the
problem that for low- loss materials the solution of the equations become ill-conditioned at
integral multiples of one-half wavelength in the sample. The one-half wavelength instability
occurs because the phase of Sy; contains a large uncertainty when |Sy;| — 0 and also
because the equations in this limit yield only the phase velocity. For dielectric and magnetic
measurements, the uncertainty is a function of the sample length. In general for low-
loss materials, samples long in relation to wavelength give more accurate results, however
overmodes may be produced. Thus for broadband measurements of low-loss low-dielectric
materials, it is preferable to use longer samples. However, with lossy materials, very long
samples result in only front face reflection information and the results have a relatively large
uncertainty. For relatively lossy materials, sample lengths on the order of one attenuation
length are optimum. Longer samples allow the propagation of higher order modes, and
therefore higher mode responses will be contained in measured scattering data. However,
the uncertainty in the spectrum between over-moded resonance regions will be lower for
longer samples than for electrically short samples.

For thicker samples the problem is more complicated and a knowledge of the uncertainty
analysis is important for interpreting the results. For permeability measurements in a short-
circuit line the numerical reduction procedure becomes divergent when there is an integral
multiple of one-half wavelength in the sample. For TR and SCL measurements we can
summarize our conclusions as follows
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e For SCL measurements, length of samples should be such that |S;;| > —20 dB.
e The one-sample techniques appear to allow a better reduction of the scattering data.

o The optimized solution and the reference plane invariant solution appear to be the
most accurate and stable methods. However, local minima have to be avoided.

¢ The short-circuit line is a simple way to obtain permittivity and permeability simul-
taneously. For low-loss materials it does suffer from numerical instabilities.

e In SCL permittivity measurements, minimum uncertainty is obtained when the sam-
ple is A/4 from the short. This is only true for electrically thin samples.

¢ Minimum uncertainty magnetic measurements can be made for single frequency mea-
surements by taking one measurement at a maximum electric field position and an-
other measurement at a maximum magnetic field position.

The various TR and SCL techniques are compared in table 5.1 and 5.2.
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Table 5.1: Dielectric and magnetic TR measurement techniques compared.

Technique Applicability | Strong Points Weak Points
Full 2-port, one samplcv Dielectric 'R,equires one sample * ———
Full 2-port, one sample Magnetic Requires one sample Unstable at nAm /2
NRW Technique Magnetic ) Simple Solution Unstable at nim /2
Two-Position Technique Magnetic — Doesn’t exist for TR techniques
Two sample technique Magnetic Stable over all frequencies Requires two samples
Multi-point techniques Magnetic Very stable non-global minima

Table 5.2: Dielectric and magnetic SCL measurement techniques compared.

Technique Applicability | Strong Points | Weak Points
One-position Technique Dielectric Stable -
Two-Position Technique Magnetic Requires only one sample Unstable at nArm /2
Two sample technique Magnetic Stable over all frequencies Requires two samples
Multi-point techniques Magnetic Very stable Alternative minima %

AR
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Chapter 7

Appendices

Appendix A

Magnetism in Matter

A.1 Description of Magnetic Phenomena

The origin of magnetism is related to the electrostatic coulomb repulsion between electrons
and is intimately related to the spin and orbital angular momentum of electrons, nuclei,
and other charged particles. Stern and Gerlach proved the existence of discrete magnetic
moments by observing the deflection of silver atoms passing through a spatially varying
magnetic field. The quantum mechanical relation between magnetic moment and angular
momentum of an electron is My = —gf—%J, where g is the Lande g-factor ~ 2.002319114,

R = 9.2742 x 1072 (J —m2/W) is the Bohr magneton, J is the total quantum mechanical
angular momentum, e is the electronic charge, & is Planck’s constant, and m is the mass.
The gyromagnetic ratio is defined as

_ magnetic dipole moment e

T = angular momentum 2 2m (A1)

There is a diversity of magnetic phenomena due to the existence of various coupling
schemes of angular momenta quanta. Types of magnetism include paramagnetism, which
is due to spin and angular momentum of individual electrons, diamagnetism which has its
origin in the orbital angular momentum of the electron, and ferromagnetism originates from
the formation of domains with each domain containing a large number of aligned spins.

A.1.1 Field Description of Electromagnetic Phenomena

It has been found that dielectric and magnetic phenomena are adequately described by a
set of field vectors. These vectors represent the electric field, E and magnetic field, H, the
displacement field, D, the induction field, B, the polarization field, P, and magnetization
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field M. Maxwell’s equations define the spatial and temporal evolution of these field vectors.
Constitutive relations between field quantities and material properties are necessary to
describe electromagnetlc phenomena. The displacement field is related to the electric field
by D =¢ -E, where € is the permittivity tensor. For linear materials the permittivity does
not depend on the field strength. The permittivity is a measure of electronic, ionic, and
dipolar polarization. The permittivity is frequency dependent with dipolar polarization
occurring below 10'® Hz, ionic polarization below 10'® Hz, and electronic polarization
above 10'® Hz. The permittivity of free space is €0 = 8.85419 F/m. The magnetic field
is related to the induction field by B = . H where £ is the permeability tensor. The
permeability of a material is a measure of the degree to which it allows the penetration by
an external magnetic field. The permeability of free space is pg = 47 x 107"H/m. The

permittivity and permeability of free space are related to the speed of light in vacuum
c = 1/ /oo = 2.99792458 x 108m/sec. The electric field may contain sources, so that

V.E = p, where p is the free charge density. Induction fields are sourceless, expressed
mathematically by V - B = 0. For a charge e moving with velocity ¢ through and electric
field E and magnetic field B, the Lorentz force on the charge is F = €[E + (¥ x B)).

The electronic properties of isotropic substances can be described macroscopically by
scalar material properties in terms of the relative complex permittivity and permeability,
€p and pg:

e=¢ —je' = (€g — jeR)eo = €Reo » (A.2)

p=p =" = (pr = JuR)o = phio - (A3)
The electric and magnetic fields are modified by the presence of matter in the space-
time region in and around the body. The.presence of magnetism in matter is described

by the magnetization vector M which quantifies the number of magnetic dipoles per unit
volume. The magnetic field H is related to the induction and magnetic moment vectors by

A=2B_1t, (A4)
Ho
where o is the permeability of free space. The magnetic field is also related to the mag-
netization field, M by a constitutive relationship in terms of the susceptibility x,,. For a
linear medium the relation is

M=y H. (A.5)
The permeability and susceptibility are related through eqs (A.4) and (A.5)

= po(l + xm) - (A.6)
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Similarly, the electric field is related to the displacement field (5) and the polarization field

—

(P) by B L.
D=¢E+P=c¢ckE. (AT

It is useful to define a constitutive relation between polarization and electric fields using
the electric susceptibility (x.)

P= ﬁoxelﬁ , (A.8)

and therefore :
€ = el + xar) - (A.9)

A.1.2 Types of Magnetism
Magnetic materials are classified by the values of permeability.
o diamagnetic p’' < po,
e paramagnetic u’ > g,
o ferromagnetic ' >> po.
The susceptibilities of the various classes of magnetic phenomena are
e diamagnetic x,, < 0,
® paramagnetic x, > 0,
e ferromagnetic x,, >> 0.

Due to the complicated quantum-mechanical origin of magnetism with various competing
effects, it is not always possible to classify a material into one of the categories. For example,
a ferrite may be diamagnetic in X-band and paramagnetic at lower frequencies.

A.2 Paramagnetism

Paramagnetism arises from the alignment of individual spins and angular momentum of
particles in external magnetic fields. Paramagnetism is an interaction between the tendency
for the electron spins to be aligned with the field on the one hand and thermal agitation
which tends to randomize the spins on the other hand. Paramagnetic phenomena in in-
sulators is temperature dependent and follows Curie’s law. In metals paramagnetism is
strongly influenced by the conduction electrons and has minimal temperature dependence.
Paramagnetic materials are primarily the rare earth and transiticn ions with incomplete
atomic shells. There are two types of paramagnetism

89



e Spin paramagnetism,
e Orbital paramagnetism.

Spin paramagnetism is due to alignment of electron spins and is only slightly tempera-
ture dependent. Spin paramagnetism or Pauli paramagnetism occurs in metals. Orbital
paramagnetism, caused by alignment of orbital magnetic moments, is strongly temperature
dependent. This type of paramagnetism occurs in insulators.

A.2.1 Diamagnetism

Diamagnetism is the magnetic effect that is due to orbital angular momentum effects. Lar-
mor diamagnetism occurs in filled-shell insulators. The origin of diamagnetism in materials
is the orbital angular momentum of the electrons in applied fields. Diamagnetic materials
have a negative susceptibility and generally it is not sensitive to temperature variations
at least for nonsuperconducting materials. Diamaguetic materials do not have a strong
magnetic response.

A.2.2 Ferromagnetism

In ferromagnetic materials, spin coupling allows regions of aligned spins to be formed, called
domains. In each domain the spins are more or less aligned. However, adjacent domains as
~ a whole may be arranged in a random fashion. As a magnetic field is applied the domains
more or less align with the field. ;

The difference between paramagnetism and ferromagnetism is that in the case of the
former, spins interact minimally, whereas in ferromagnetism the spins strongly interact
to cause alignment. Ferromagnetic materials can exist in a nonmagnetized state since
magnetic energy is at a minimum when the domains are randomly situated or in a state of
maximum entropy. This random arrangement of domains is possible because it is found in a
detailed analysis that it is energetically more favorable for many ferromagnetic materials to
be magnetically neutral. The boundaries between the oriented spin regions, called domain
walls require energy for formation. There is a detailed balance between the magnetic
field energy caused by alignment of spins in a domain on the one hand and the energy
required for domain wall formation on the other hand. Dipolar energy is decreased by wall
formation, but exchange energy is increased by the Pauli exclusion principle. Domain walls
are normally of 0.01 - 10 g m thick and can deform under applied fields or mechanical
stresses.

As the temperature increases in a ferromagnetic material the kinetic energy can over-
whelm the magnetic energy and the preferential alignment of spins can be broken. The
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Figure A.1: Lattice structure of antiferromagnetic and ferrite materials. In one lattice the
spins are up and in the other lattice the spins are down.

temperature where the kinetic thermal energy becomes predominant over the magnetic
energy is called the Curie temperature.

If a ferromagnetic material is immersed in an increasing external field its magnetization
increases. However as the external field is removed the magnetization curve does not
necessarily follow the reverse curve back to the initial state; rather a slightly different curve
is followed. '

This phenomenon is called hysteresis and is caused by the irreversible movement of the
domain walls. The irreversibility is caused by defects in the domain wall lattice. Thus, fer-
romagnetic behavior depends on the past history of the sample and is not totally reversible.
Materials with large hysteresis effects are called hard and materials with small hysteresis
effects are called soft.

A.2.3 Ferrites and Antiferromagnetism

Antiferromagnetism is a property possessed by many transition elements and some metals.
In these materials the atoms form an ordered array with alternating spin moments so as
to give zero for the net magnetic moment of the material. Antiferromagnetic materials are
composed of two interpenetrating lattices. Each lattice has all spins more or less aligned,
‘but the lattices as a whole are inverse structures as indicated in figure A.1.
Antiferromagnetic materials do not generally support permanent magnetization and do
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not have a strong magnetic response to an applied field. Ferrite materials also consist of two
overlapping lattices whose spins are oppositely directed, but with a larger magnetic moment
in one lattice than the other. Since spin angular momentum is not canceled totally between
the lattices these materials have a magnetic response to an applied field. The magnetic
response increases with temperature. Antiferromagnetic materials are paramagnetic above
the Neel temperature.

Most ferrites are mixtures of oxides such as magnetite of the generic form XO.Fe;03
where X is a divalent metallic ion such as Fe (magnetite), Nt (nickel ferrite), Cu (copper
ferrite), Mg (manganese ferrite), Co (cobalt ferrite), or Lz (lithium ferrite). There are
also many other spinel class ferrites that contain additional components, for example, zinc
and aluminum. The spinels have either a normal or an inverse lattice structure formed
by controlled quenching. Many ferrites have few free electrons and therefore are useful in
microwave frequency components since the absence of free electrons prevents eddy-current
losses that occur in conducting materials at high frequencies.

A.3 Equations of Motion for the Magnetization Vec-

tor

A.3.1 The Torque Equation

In this section we will develop macroscopic equations of motion that underlie the coupling
of angular momentum and magnetic fields. As a model [22], we consider a spinning particle
exhibiting angular momentum J,immersed in a magnetic field. The presence of spin induces
a magnetic moment m = 'ygf, where the 7, is the gyromagnetic ratio. The magnetic field
will interact with the angular momentum by inducing a torque 7

dj
dt -

7=

(A.10)

We define a magnetic moment, m = 7gj The equation of motion of the spin system in an
applied field B is
F=mxB, (A.11)

or

dm

dt
If we average over a significant number of these particles we obtain a macroscopic magnetic
moment

= v, (1% x B) . » (A.12)



] M = Nm | (A.13)
where N = number of magnetic moments. We obtain the following equation of motion for
the magnetization

dM

dt
where A is a constant and 7 is a characteristic relaxation time of the system. As we will
see In the next section it is possible to obtain a tensorial constitutive relation between
and B by use of eq (A.14) for a magnetic moment in an external magnetic field. This
constitutive relationship will define the susceptibility and permeability tensors.

In real materials there always exists some dissipation due to damping. Dissipation
is caused by such effects as magnetic dipole radiation and magneto-elastic coupling with
lattice phonons. The effect of a dissipation torque can be modelled as a source term added
to eq (A.14). One approximation for the dissipation torque yields the Landau equation of
motion

A

== ’79#(M X ﬁ) + e (A~14)

%4- = uv (M x H)+ ’;ET[M x (M x {)] (A.15)

-

dam;)ing
where « is a parameter that determines the damping. This can be reduced for small
damping to . .
dM SR o - dM
O = (M x ) 4 2[4

= T — 1 (A.16)

This equation is due to Gilbert [23] and neglects terms nonlinear in a. The damping
introduces a nonlinearity into the problem.

A.3.2 Magnetized Magnetic Material: The Polder Matrix

The constitutive relation between the induction field and the magnetic field in ferrite ma-
terials is represented by the Polder matrix. In order to derive an expression for the Polder
permeability tensor we use as a model a magnetic dipole of moment m, [22,24], in the
Presence of an external magnetic field, H(¢). The net torque experienced by the dipole of
magnetic moment my is

T=—umyH(t)sinf , (A.17)

where 0 is the angle between the dipole axis and field. In the presence of a z-axis magnetic
field the dipole will precess with a characteristic Larmor frequency of wy = |vy,|H, where
¢ 1s the gyromagnetic ratio. There are also non-conservative frictional forces present to
damp the rotation.

93



We will assume that in the presence of a time independent d.c. magnetic field in the
z direction (H,), the magnetization is essentially at the saturated value M,. We further
assume a combined d.c. field and an alternating field &, we obtain H(t) = H,&+h exp(jwt),
where & is the unit vector in the z direction. The magnetic moment can be approximated
by M = M,& +rmexp(jwt), where M, is time independent. When we substitute these into
eq (A.16) we obtain a system of equations

jwit = py,M,(&s x k) + (wo + jwa) (€3 x ) + 1 x hexp (jwt) , (A.18)

where wy = —v,H, [25] and we assume |M| = M, ~ M,. In the analysis we will neglect
the last term in eq (A.18). If

3
T—I"I,sz,‘-‘, ; (Alg)
=1
. 3
h=> hié;, (A.20)
=1
then by substitution into eq (A.18)
Jwm, = —(wo + jwa)my — pygMhy (A.21)
Jwmy = YouMhy + (wo + Jwa)m, (A.22)
jwm, =0. (A.23)
Therefore
(wo + jwor)py, M, JwprgM,
= — h, — g :
Me (wo + jwa)? —w? ° | (w + jwa)? — w? hy s (A-24)
m, = jorrgMs  , (wot jwe)uyMs, (A.25)

(wo + jwa)? —w? © (wg + jwa)? —w? Y
The system of eqs (A.24) through (A.25) for the linear susceptibility relation between
M and H can be expressed as

X —jﬂ 0 h:c mg
plje x 0 hy | =1 my |, (A.26)
0 0 0 h, m,

__(wotjwalwy (A.27)

= (wo + jwa)? — w?

where
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and
—WwWar

_ i} A28
"7 (wotjwaf —wt (A2
and
wp = =, M;s . (A.29)
We can separate out the real and imaginary components to yield
. wmwo[(wd — w?) + a*w?] (A.30)
_A[ 2 — w21 + o?)]? + dwwia? ’ '
, wywalw? + w1 + a?
X'=- 2M-2[0 22( 2)]22’ (A.31)
[wd — W?(1 + a?)]? + 4wwia
W = —wywlwd — wi(1 +o?)] (A.32)
[wE — w2(1 4+ a?)]? + 4wwia? ’ )
2 2
K" ot XM (A.33)

- [wE — w2(1 + a?)]? + dwiwia?
Note that we have assumed that the magnetization is at the saturated value M,. That is

all of the magnetic moments are assumed to be aligned with the external field. This is not
always a good assumption. For this special case the Polder matrix is

B - . x+1 —jx O
p=pu(l +X)=p| Jj& x+1 0} . (A.34)
0 0 1 .

We see that in the limit as H, — 0 and M, — 0 the off-diagonal components of the per-
meability tensor vanish and the diagonal components reduce to the isotropic permeability,
K= pu I, where [ is the identity matrix.
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Appendix B

Fields in Waveguides

B.1 Summary of Maxwell’s Equations

Maxwell’s equations are

VXE_"::-jwé,
VxH=J+jwD,
V-ﬁzp,

V.B=0.

The boundary conditions at material interfaces ‘are

Ax(E,—E)=0,

i x(Hy,— Hy)=J,,

7 (By—B)=0,

where J; is the surface current density and Q is the surface charge density.
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B.2 Modes

B.2.1 TE Modes

The longitudinal coordinate is assumed to be z. If the H, mode exists, it is the generator
of the TE mode [22]. The TE modes satisfy the boundary value problem,

{Vi+kYH. 15 =0, (B.9)
where k2 = k% + 42 are real, positive eigenvalues. The boundary conditions are
.ﬁ ' (VH(z(TE))),on conductor = 0 ) (BlO)

where 7 is the normal vector. Also

E.re)y=10. (B.11)
The other field components are then
Hrgp) = -%VTHZ : (B.12)
E_:T(TE) = -—ZTE(EX ﬁT(TE)) . (B.13)
B.2.2 TM Modes
For the case of TM waves
{VE+ kY Eurany =0, (B.14)

where k? = k? 4+ 42 are real, positive eigenvalues determined by boundary information on
the waveguide.
The boundary conditions are

E(z(TI\I))Ian conductor = 0, (B15)
| H.ray=0. (B.16)
The other field components are
E'T(TM) = ~£5VTEZ , (B.17)
. I . =
Hyaan = m(Z X Errany) (B.18)

v = j\/Jk? — k2. (B.19)
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B.2.3 TEM Modes

The propagation of TEM modes are possible in addition to the TE and TM modes in
coaxial cable . The cutoff wave numbers for higher order TM waves in coaxial line are

given by the roots of:
Nn(chl) Nn(ch4)

TulkRy)  JnlkRa) (B.20)
[22], and for TE waves in coaxial line by
f) kc ) .
Ny(heRy) NalkeRa) _ B21)

Jo(keRy) Ji(keRa)

where J and N denote the Bessel functions of the first and second kind and R, and Ry are
the inner and outer radii respectively. The cutoff wavelengths are given approximately by:
2

}‘cz '(;(R4—R1) q= 1,2,3,... . (822)

For example the TM mode cutoff frequency in 7 mm coaxial line for eq (B.22) is approxi-
mately 34 GHz.



Appendix C

Gap Correction.

Cc.1 Frequency-Dependent Gap Correction

C.1.1 'Waveguide

We consider a sample in a rectangular waveguide of dimensions a x b with a small gap (b-
d). The dielectric constant in the gap is g, and of sample ep,. The measured or observed
value is €g,.

A transverse resonance condition yields [40]:

tan(kicd) + X tan(ky(b—d)) =0, (C.1)
where w
klc - Clab V€Rs — €Ro (02)
k?c = - €Rg — €Ro » (03)
Clab
and

X=BVR "R (C4)
€Rg VE€Rs — €Ro

For our case of waveguide (b — d) ~ 2.54 x 107° m and b = 0.01016 m. Equation (C.1)
must be solved by iteration, but for low frequencies and low dielectric constants we can
obtain a approximate solution. This equation reduces to Westphal’s equation, [34] in the
appropriate low frequency limit.

99



Figure C.1: Sample in waveguide with air gap.

C.1.2 Coaxial Line

For coaxial line the matching of transverse impedance yields the resonance condition [40]:

ct(zg, 1) = Xct(zh, zh) , (C.5)
where :
T, = ki Ry, (C.6)
29 = kicRs (C.7)
2 = kyoBy (C.8)
. z3 = kaRy (C.9)

and X, k., and K, are given in the previous section. The functions ct are defined as

ot(z,y) = Ji(z)No(y) — Ny(y)Jo(z)
’ Jo(z)No(y) — No(z)Jo(y) ’

where Jy, Ji, No, and N; are the Bessel functions of zero and first order of the first and
second kind respectively.

(C.10)
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C.2 Frequency-Independent Approaches

Various researchers have approached the gap problem by representing the sample with air
gap as a layered capacitor [33,34,41]. This approach assumes that the gaps between trans-
mission line and sample are effectively modeled by a set of capacitors in series. Champlin
[41] approached the problem using as a starting point the perturbation formula developed
by Schwinger [42]. By substituting into the perturbation formula approximations to the
field distribution in the various regions, they obtain an estimate for the effective permit-
tivity. Their answer turns out to be fully equivalent to the capacitor model of Westphal
[34]. Champlin showed that Bussey’s theory [33] is the first two terﬁ'xs in an expansion of
Westphal [34] and Champlin’s models. .

The capacitor model is frequency independent and thus is strictly valid only at lower
frequencies and dc. We expect the capacitor model to break down at higher frequencies
because the wavelength decreases with increasing frequency to a point wheré multiple
scattering dominates. In order to account for multiple scattering, it is necessary to develop
a theory that is frequency dependent.

C.2.1 ' Coaxial Capacitor Model for Dielectric Materials

Consider a capacitor consisting of layers of dielectric and layers of air in a coaxial line
[43,44]. The dimensions are shown in figure C.2.
We treat the system as capacitors in series, so

1 1 1 1

—— e b e — | 12
. GGG (€12)
We know that for a coaxial line the electric field distribution is given by
14
E, = ——, C.13
In(%)r ‘ ( )
and the voltage between the conductors is given by
b
V= —/ E(r)dr . (C.14)
The capacitance of a coaxial line of length L is given by
c =2l (C.15)
In 22
Ry
thus, for a system of three capacitors in series we have
By Rz Ry Ry -
ln,Rl _ In ,R’ N In ,R2 In ,Rs ’ (C.16)
€m 3 € €
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Figure C.2: A coaxial sample in holder with air gaps near conductors with diameters

denoted by D;.

where ¢’ ¢ are the corrected and measured values of the real part of the permittivity and

¢ m

¢, is the real part of the permittivit)l of the air gap

! "2 2
' LZ(EmRL3 - 6mRI"1 - 6mRLl)

€&R ™

n
" LaLserp

2 T2 7] )
€2 pL? —2¢, zLiLs+ €2, L2 + L3

€ =
- YeR 2 2 ¢ 2 2 .
€2 LF — 2 pLiLy+ €25 L2+ L3

An approximate expression is given by

L,

1 !
€R= tmR ] )
L3 - CmRLl

L
tan§, = tan 6, [1 + f;nR“l] )
L,
where
R, R4
L :] —_ l SR
: . R; i RB

IJQZlHE:i,

Rz
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(C.17)

(C.18)

(C.19)
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) En' =8
1.50 4
144 -
1.38 |- -
131} -
€€ €n' =5
125 + ‘ -
119 | =
113 =
1.06 | En' =2 ]
4] 0.01 0.02 0.03 0.4045
" Ro-Ry
Ry

Figure C.3: The gap correction calculatéd for various values of €r, where R,, R, are the
radii of the inner conductor and sample respectively. |

R,y
L3 = In == . ' 99
Ly=ln B (C.22)
Equation (C.18) breaks down when €, > L3/L,. An example is plotted in figure C.3 for
a 7 mm coaxial line.

C.2.2 Rectangular Waveguide Model

For the case of a rectangular guide of short dimension b with sample thickness d and long
dimension b; and sample thickness d, the E-planc gap correction is

¢ = d(blcnr = Car = Cmp) + d(€Z g + €i2y)) (C.23)

BBl =2+ 2+ 1) — 2bd(ep ~ € + €nip) + dP (€2 g + €2) -
db "

" €mR (C.24)

€ = .
BT (2, — 26nmt Emr 1) = 2bd(€2p — € p + €23) + d2 (2 5 + €725)
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C.3 Gap Correction for Magnetic Materials

C.3.1 Coaxial Line

For the calculation of the gap correction for the permeability a pure inductance model is
useful. We model the transmission line as
a series of inductors for the E-field gap

L‘m = Lc + La,ir s (C25)

where ¢, m, and air denote corrected value. measured’value, and air space. Therefore the
corrected value is

Le=Lp — Lair - (C.26)

The inductance is the flux penetrating the circyit divided by the current flowing in the
circuit

L= 7o (C.27)
where L
o=[B-dS. (C.28)
Ampere’s law is
H-di=1, (C.29)
which yields
p'l
B, = — .
6= 5 (C.30)
Therefore :
¢ =gk Iinb/a , ‘ (C.31)
S0 |
L= _—);;t'ln b/a . ' (C.32)

Therefore we can write for the corrected permeability

r uﬁann Rq/Rl - [ll’l RQ/R] + in R4/R3]

Her = ln 123/1%2 [ (C33)
noo__ N ln(R4/R1)
Ker = KmR ln(R3/R2) . (C.34)

Gap corrections are given in figures C.4- C.7. The corrections for permeability in coaxial
line are much less than for permittivity. This is due to the fact the azimuthal magnetic
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Figure C.4: Corrected permeability and permittivity as a function of inner conductor gap

for a 7 mm sample. The gap around the outer conductor is assume to be zero. In this case
the uncorrected (measured) was pz = 5, €5 = 5.
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Figure C.5: Corrected permeability and permittivity as a function of inner conductor gap

for a 7 mm sample. The gap around the outer conductor is assume to be zero. In this case
the uncorrected (measured) was yuf, = 25. ¢y = 25.
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Figure C.6: Corrected permeability as a function of inner conductor gap for a 7 mm sample.
The gap around the outer conductor is assume to be zero. In this case the uncorrected
(measured) was p = 50.
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Figure C.7: Corrected permeability as a function of inner conductor gap for a 7 mm sample.
The gap around the outer conductor is assume to be zero. In this case the uncorrected
(measured) was pp = 200.




field is continuous across the discontinuity, whereas the radial electric field is discontinuous
across the discontinuity.

(C.35)

C.3.2 Waveguide
E-plane Gaps

For magnetic materials in waveguide for the T E;, mode the E- plane gap is less severe than
the H-field gap. The corrections can be obtained using inductances in series. These are

. (b [b-d .
Hep = Hpr (J) - ( d ) s (C.36)
" H b LIS Youd
Ber = Hap (C_l) : _ (C 3‘)

H-plane gaps

For the long width of the waveguide there is a discontinuity in the magnetic field for the
T'Ey mode. The corrections can be obtained using inductances in parallel. We assume a
long waveguide width of b; and sample width d,

di(bilpng = 2R = tmg) + di(i2 g + 1))

I = - " y: »
Her b pZ g — 2ptm + 1l + 1) = 2b,dy (p2 5 — Prnp F i) + dH 2 5 + p%) '
' (C.38)
/—t" — dlbl/‘:InR
R b(uip — 2up + pntn 4+ 1) — 2b1dy(u2p — pip + 12R) + A2 p + pis)
(C.39)

C.4 Gap Correction Formulas Derived Directly From

Maxwell’s Equations

Consider Maxwell’s equations in a coaxial line

VxE=—jwB. (C.40)
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The radial electric field is discontinuous at the air gap interface, but the displacement
vector D is continuous across the interface. Also Hy is continuous across the interface,
whereas B is discontinuous. Let us assume that there are no sources so that J = 0. Then,
we can write eq (C.40) as

—

vx 2o —jwpH | (C.41)
€

If we now average eq (C.41) over the cross-sectional area of a coaxial line, we obtain

b D b
27r/ V x —dr = ——jw27r/ pHdr . (C.42)
a € a

Continuity of the displacement field and tangential magnetic field and the fact that D, o
1/r and Hy o< 1/r is imposed and integrations are performed. Comparing these results
to an effective medium equation, we obtain the same form as the previously developed
capacitor and inductance models for the corrected permittivity and permeability:

In B Inf2  |nB  |pB
LI L L (C.43)
6m 6l 6c 61
pr rlln Ry/Ry) = plgln Ry/Ry + [In Ry/ Ry + In R4/ R3] . (C.44)

The analogous calculation can be performed for waveguide. These effective media formulas
are the Voigt approximation for the permeability (layers in series) and the Reuss approxi-
mation (layers in parallel) for the permittivity. The previously developed capacitor model
can be derived directly from Maxwell's equations.

From the perspective of Maxwell’s equation the limitations of the capacitor and induc-
tance models can be assessed. In order for these models to apply, we assume that

e The fuﬁdamental mode is the only propagating mode.

e The air gap and sample are azimuthally symmetric.

The air gap modifies the modal structure in the waveguide. The model assumption that
only a TEM mode is propagating in a coaxial line with an air gap around the sample
becomes less and less valid as the air gap increases in size. In fact, since the phase velocity
in the air gap region is much larger than the phase velocity in the sample, a distortion of
the wave can be expected. Longitudinal components of the electric field and therefore T'M
modes will form as a result of an air gap if above cutoff. If the air gap or sample are not
azimuthally symmetric, Hys is no longer the only nonzero magnetic field component. This
asymmetry will allow higher order T modes to propagate, when they are above cutoff.
When the assumption that the only propagating mode is the fundamental mode breaks
down, equations of the same form as eqs (C.43) and (C.44) hold with the logarithmic
constants replaced by more complicated expressions.
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C.5 Mitigation of Air Gap Effects

It is possible to minimize the effects of air gaps by placing a conducting material in the air
gap. This material may be a conducting paint, indium-gallium solder alloy, or a conducting
grease. The conducting material will change the line impedance and line loss to a degree.
However, for relatively small gaps, the improvements in dielectric and magnetic property
measurements far outweigh any changes in line impedance. The loss measurement will be
influenced by this procedure. Application of the conducting material is an art.
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Appendix D

Causal Functions and Linear

Response

D.1 Introduction

We call a temporal function causalif it is 0 for all times less than 0. The goal of this section
is to review the basic mathematics used to describe causal systems.

In the analysis to follow we assume that an impulse is applied to a system at ¢ = 0.
We can model a linear system by an input function f(t), an output function g(t), and an
impulse response function a(t). It is possible for either or both of f (t) and a(t) to be causal.
A more general approach would be to study nonlinear response with linear response as a
very special case. Linear response theory is usually valid when the underlying probability
density function can be approximated as an equilibrium distribution.

If both f(t) and a(t) are causal, the linear response is given by [45]

i
o(t) = [ f(r)a(t = r)dr . | BO2Y
In this case, the output is a convolution over all past times. If only f(t) is causal then

g(t) = /0 * f(r)alt — T)dr . (D.2)

We assume that a(t) = 0 for t < 0. The interpretation of the function f(¢) can be obtained
from the relationship -

f@y= [ s~ (D.3)
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If we identify the left side of eq (D.3) as the response function, then the impulse response
a(t) is delta function in the special case of no distortion. Of course, in real systems the
impulse response will be broader than a delta function.

We can define the step response function A(t) as

dh(t — 1)
dt
and it is assumed that h(0) = 0. If we use the step response for ¢g(t) in eq (D.1) we obtain

=a(t—71), (D.4)

9(t) = J(0)h(2) +/0t ﬁl-deTT—)h(z —1). (D.5)

D.2 Transfer Functions

If we send a signal exp(jwt) into a system, the response of the system is called the transfer
function and is denoted by S. The transfer function is defined as the Fourier transform of
the impulse response function

S(w) = / © at)edt . (D.6)

-0

As a consequence of the reality of a(t), S(~w) = §*(w). If F(w) is the Fourier transform
of f(t) we have, using the inverse Fourier transform

g9(t) = 51;13 /_ Z F(w)S(w)e™ dw | (D.7)

D.3 Kramers-Kronig Relations

The real and imaginary components of any causal function are related by a dispersion rela-
tion. The complex permittivity is a causal function whose real and imaginary components
are related by the Hilbert transform [45]

€ (W) = €rep = _§ /0 ~ W(gz ::Z'fl(w)]do , (D.8)
2w oo [el(6) — e (w ‘
€(w) = ——27;— A L—’-%g—_—_—;é—”dO . (D.9)

The following summarizes some of the features of the Kramers-Kronig relations:

e The Hilbert transform relates real and imaginary components of a causal function.
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e Direct solution requires complete data over full spectrum for one component.

e Equation (D.8) can be thought of as an integral equation for the unknown component
when there are some data for the other component. '

Another form of the dispersion relations is

1 / _ w— W, R 6;{(0)(19

L (w) = €lwo) = == P/_o'o(a—w)(o—wo)’ (D.10)
" " W, e éi(a)de

i(w) = €(wg) = T2 P/_m (EsaTT Ek (D.11)

where P denotes principal value.
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